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Abstract: Functional data analysis is a modern and dynamically developing field of statistics,
which finds its application in many different areas. It can also be used in econometrics. The
paper explains the main ideas of functional data analysis and presents its fundamental
theoretical background. It also shows an overview of the possibilities of using a functional
approach in the analysis of economic and financial data through a search and review of
scientific articles. Out of the total number of 1,492 articles dealing with the topic of functional
data analysis and meeting the search criteria, 55 articles focusing on the solution of
econometric problems are identified. Subsequently, the use of functional data analysis in the
exploratory analysis of the industrial production index of the Czech Republic is
demonstrated. The so-called phase plane plots are used for the analysis, which make it
possible to better examine the dynamics of the development of industrial production. The
analysis studies the development of production in individual years and examines the impact
of various economic shocks. Using a functional approach, it is possible to answer questions

that are difficult to answer using classical statistical methods.
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1. Introduction

Functional data analysis is a modern and dynamically developing field of statistics. It has
been booming over the last twenty years, so it is a relatively new approach compared to
classical statistical methods known for centuries.

The subject of interest of functional data analysis is data that can naturally be perceived
as functions. Although these data are available in practice in the form of sequences of
individual observed values, the basic idea of functional data analysis is to approach these
sequences as entire entities — functions (it is usually assumed that functions are continuous
and smooth, and their value exists for all points of a certain domain on which they are
defined, but they are observed only at specific individual points). The function is then the
basic unit of analysis. The most common type of functions are functions with a one-
dimensional continuous argument, which is typically time, but the argument can also be
multidimensional, such as position in space, etc.

Functional data analysis combines the ideas and approaches of classical statistics and
mathematical functional analysis. The goals of functional analysis are similar to that of other
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areas of statistics, for example, to discover, describe and explain various important data
characteristics, examine relationships between variables, create statistical models, perform
inference, etc. The advantage of functional data analysis over classical statistics is the more
natural perception of functional data, which makes it possible to use more information in
analyzes concerning the behavior of a function or work with derivatives of a function.
Moreover, functional data can be problematic from the point of view of classical statistics.

Functional data analysis finds its application in various natural and social sciences and
applied domains. Its importance is closely related to the development of computer
technology, which allows the acquisition, storage, and processing of large amounts of data of
a functional nature.

The paper deals with the presentation of the fundamental ideas of functional data analysis
and discussion of the possibilities of its use in econometrics. Section 2 is devoted to a review of
scientific articles focused on the functional analysis of economic and financial data. Section 3
provides an overview of the main theoretical basis of functional data analysis. In section 4, the
functional approach is used to analyze the dynamics of the industrial production index.

Section 5 is the concluding summary.

2. Review of the Possibilities of Using Functional Data Analysis in Econometrics

To explore the possibilities of using functional data analysis in econometrics, a review of
scientific articles was performed.

Articles were searched in the Web of Science and Scopus databases using the query string
"functional data analysis", the occurrence of which was searched in article titles, abstracts, and
keywords. Only articles from peer-reviewed journals and written in the English language were
selected. The search was conducted in December 2020, so all articles published (and indexed in
the database) up to that time were included. A total of 2,929 articles matching the search criteria
were found in both databases. Of these, 1,437 records were duplicates. After their removal,
1,492 articles remained, the focus of which was studied.

The result was the identification of 55 articles describing the practical application of
functional data analysis in the field of economics. The articles came from the years 2002-2020,
in recent years the number of articles has been higher. The usual type of problem solved was
an exploratory analysis, regression analysis, or time series analysis; in the tasks of creating
various models, besides describing the relationships between variables, the most common goal
was to predict future behavior.

The articles focused on the description and modeling of the behavior of various economic
or financial variables and the examination of the influence of various factors on their behavior.
Specifically, the subject of analyzes was, for example, the behavior of exchange rates (Kearney
et al., 2018, 2019; Kim & Jung, 2018b), interest rates (Caldeira et al., 2020), price formation in
online auctions and e-commerce (Bapna et al., 2008; Oomen, 2019; Reddy & Dass, 2006;
Reithinger et al., 2008; S. Wang et al., 2008), prices of strategic commodities such as oil
(Kearney et al., 2015; Kearney & Shang, 2020; Kim & Jung, 2018a), real estate prices (Peng et
al., 2014; Seya et al., 2016), wages and wage inequality (Scott & Handcock, 2005; D. Wang et
al., 2018), behavior of stock indices (Kokoszka et al., 2017; Miiller et al., 2011; Z. Wang et al.,
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2014), modeling and forecasting stock or bonds returns (Brockhaus et al., 2018; Caldeira &
Torrent, 2017; Cao et al., 2020; Das et al., 2019; Hays et al., 2012), including the related
quantification of investment risk and portfolio optimization (Cai, 2018; Kokoszka et al., 2019).
The dynamics of supply and demand in various markets was also examined (Canale & Vantini,
2016).

3. Theoretical Fundamentals of Functional Data Analysis

Some basic theoretical aspects of functional data analysis are presented, more detailed
information can be found, for example, in (Hsing & Eubank, 2015; Kokoszka & Reimherr, 2017;
Ramsay & Silverman, 2005).

3.1. Functional Random Variable

A functional random variable can be formally defined as a variable that takes values in an
infinite dimensional space (functional space), X = {X(t) : t € T}. In functional analyzes, we
work with observations of the functional variable resp. functional data, {x;(t):t€T,i=
1,2, ...,N}. The function x; is the basic object (unit) of analyzes, it is assumed that its value
x;(t) existsforall t € T, butin practice it is observed only in specific discrete points t;; € T,j =
1,2,...,n. The argument t is often one-dimensional (it is then a function of one variable,
typically for example time), but it can also be two-dimensional or generally multidimensional.
Further in the text, it will be assumed that t € T c R.

3.2. Creating a Functional Representation of Data

Since functional data are available in practice only in the form of individual discrete
observations, it is first necessary to create their functional representation. If it is assumed that
these observations are not loaded with noise, it is an interpolation problem. On the other hand,
if noise, such as measurement errors or various random perturbations, is present in the

observations, it is a smoothing problem. In general, the following model can be considered
vij = xi(tij) + €5, (€Y)
where xi(ti j) is the actual value of the function x; at the point t;;, y;; is the corresponding
observed value and ¢;; denotes possible (additive) noise.
The most common way of representing a function is to express it in the form of a linear

combination of certain basis functions

m
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where ¢, is a certain standard collection of basis functions (e.g., splines, sine and cosine
functions, wavelets, etc.) and c;; are the corresponding coefficients of the linear combination.
The representation is chosen so that the function x; suitably corresponds to the observed
data, is continuous and usually also smooth; everything depends on the requirements of the

practical problem that is solved.
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3.3. Characteristics of Functional Data, Derivatives of Functions, Functional Models

As in classical statistics, it is possible to define basic descriptive characteristics (such as
mean, variance, covariance, correlation) also for functional data, with the only difference that
they have the form of functions.

As already mentioned, the usual requirement is the smoothness of functions, which is also
associated with the existence of their derivatives. Depending on the required number of
derivatives, the basis for representing the functions, etc. is then chosen.

The functional approach can be useful in exploratory analysis, but functional variables can
also appear in various models, purely functional or in combination with classical scalar

variables, and the derivatives of functions can also appear in the models.

4. Demonstration of the Application of the Functional Approach in the Analysis of the
Industrial Production Index

The use of functional data analysis in economics will be shown on the exploratory analysis
of the industrial production index. A functional representation of the data will be created, and

the derivatives of the function will be used in the subsequent analysis.

4.1. Industrial Production Index and Data Source

The industrial production index measures the output of the industrial sector adjusted for
price effects. It is a basic indicator of industrial short-term statistics. Its calculation is given
according to the Statistical classification of economic activities in the European Community,
(NACE Rev. 2, Eurostat). Data on the industrial production index of the Czech Republic in the
years 2000-2020, which was obtained from the website of the Czech Statistical Office, were used
for the analyzes. The data took the form of monthly indices calculated against the base index,
which is the average index of the year 2015 (index 2015 = 100). A total of 252 values were
involved, the values were adjusted for the effect of calendar variations, the logarithms of the
indices were used in subsequent analyzes. The whole time series can be seen in Figure 1, a
growing trend and seasonal variation are evident. The implementation of analyzes was

performed in R.
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Figure 1. Industrial production index of the Czech Republic in the years 2000-2020.
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4.2. Functional Representation

Industrial production can be seen as a continuous-time process, even if the index is given
only at discrete points. To create a functional representation of the data, a B-spline basis was
chosen, which is suitable for this type of data. The splines were defined by knots that were
placed in each data point. For the construction of splines, polynomials of order six (degree five)
were used, which provide sufficient flexibility to represent the behavior of the function and at
the same time allow to obtain a continuous estimate of the first four derivatives of the function.

Roughness penalty smoothing was used to calculate the coefficients of the linear
combination (2). This approach is based on the least squares method, but the aim is not only to

minimize the sum of squared errors (SSE) but to minimize the characteristic

252 5 2020
PENSSE = Z[yj —x(t)] +2 f [D*x(t)]? dt,
= 2000
where A fzzooozoo[D‘*x(t)]2 dt is a penalty term that penalizes an overly complex and variable

(rough) behavior of a function and ensures that the estimated function is naturally smooth (in
general, this approach allows to capture only the essential characteristics of the behavior of the
function without the influence of random perturbations and noise in the data). The fourth
derivative of the function D*x(t) was used for the penalty; the second derivative of the
function represents its curvature and is usually chosen as a measure of the roughness of the
function, but in subsequent analyzes the first and second derivatives of the function will be
used, and it is required that also their behavior is not too rough, therefore, the second derivative
of the second derivative of the function i.e. the fourth derivative of the function is used for the
penalty (for this reason, polynomials of order six were used for spline construction). The
smoothness or roughness of the function is now given by the choice of the smoothing parameter
A. The higher the value of 4, the stronger the effect of the penalty, and the resulting estimate of
the function will be smoother, and vice versa, the smaller 4 (closer to zero), the greater
complexity of the estimated function will be allowed. In practice, the parameter A is often
chosen automatically using cross-validation, but here its value was determined manually so
that the smoothness of functions and their derivatives is appropriate to the needs of subsequent
analyzes (the value obtained by cross-validation would over-smooth the estimates).

The obtained estimate of the function and both derivatives is shown in Figure 2 for the
year 2015 as an example.

The graph of the function shows the seasonal character of the industrial production index,
the index reaches higher values in March, June, and October, on the contrary, the decline in
production occurs in the summer months and at the turn of the year. This nature of the behavior
is the same for other years, with obvious exceptions, which will be described in more detail in

the next part of the text.
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Figure 2. Estimated function (a) and its first (b) and second (c) derivative.
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4.3. Phase Plane Plots

As already mentioned, one of the advantages of the functional approach is the possibility
to work also with derivatives of functions. Usually, the first or the second derivative is used. In
the case of functions of time, the first derivative expresses velocity, and the second derivative
expresses acceleration. The so-called phase plane plot, in which the first and second derivatives
are plotted against each other, can then serve as a useful analytical tool.

Phase plane plots are typically used in physics to visualize the behavior of oscillating
systems, such as a mathematical pendulum, whose motion can be considered harmonic and
described by a sinusoid. The system has a certain energy, which is periodically converted from
the form of potential energy to the form of kinetic energy and vice versa. When the pendulum
is tilted to the extreme position, the first derivative of the function of its position in time i.e.
velocity is zero, so the kinetic energy is zero and the potential energy reaches a maximum.
Conversely, when the pendulum is in a vertical equilibrium position, the speed of motion is
maximum, acceleration i.e. the second derivative is zero, and thus the kinetic energy is
maximum and the potential energy is zero. This energy transfer can be represented by a phase
plane plot, see Figure 3, the motion of the pendulum is described by the function sin (2nt),

the first derivative has the form 27 cos (2rt) and the second derivative —(2m)? sin (27t).
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Figure 3. Phase plane plot for mathematical pendulum.

Energy transfer can be encountered also in other than just physical systems. From an
economic point of view, available capital, human resources, and other factors which can be
used, in the case of the index of industrial production, for industrial production, can be
perceived as potential energy. The kinetic energy then corresponds to the ongoing production
in which these resources are used. The production process undergoes periodic transitions, a

period of high production (high kinetic energy), when resources are depleted (low potential
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energy), is followed by a reduction in production (kinetic energy decreases) and replenishment
of resources (potential energy increases), etc. In some periods, such as crises, however, there
may also be situations where both the kinetic and potential energy are low, the phase plane

curve is then close to zero.

4.4. Analysis of the Industrial Production Index

Phase plane plots were used for the analysis of industrial production in the Czech Republic
in the period from 2000 to 2020. A phase plane plot was created for each year and the behavior
of production in that year and the differences between years were examined.

Figure 4 shows a phase plane plot for the year 2015, which can be considered a typical year
in a period of economic growth. The plot consists of a cyclic curve that begins near the middle
with the designation of the month of January and continues clockwise throughout the year,
with the labels indicating the months of the year. At the beginning of the year, the kinetic and
the potential energy is low, during January the kinetic and the potential energy begins to grow,
production increases, the rate of production growth first increases, then begins to decline, but
production increases until March, when the rate drops to zero and then production will reduce.
During April, production begins to grow again and continues to grow until June, when it
begins to decline, but the decline is much more significant, which corresponds to the summer
months and holidays, kinetic energy is low at this time and potential energy is high. In late
summer, production increases rapidly, kinetic energy reaches a maximum and potential energy
falls to zero, growth gradually slows down, production reaches its maximum in October and

then begins to decline towards the end of the year.
Year 2015

Acceleration

Velocity

Figure 4. Phase plane plot for industrial production in the year 2015.
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The characteristics of the development of industrial production are similar in other years,
with the exception of the years when some significant events affecting the economy occurred.
For comparison, the years 2008 and 2009, which were a period of economic crisis, as well as the
year 2020 affected by the coronavirus pandemic will be shown.

Figures 5 and 6 show the phase plane plots for the years 2008 and 2009. In 2008, the
beginning of the economic crisis is evident, in the second half of the year there is much less
energy in the system than in other years and the usual significant autumn increase in
production is lower and the decline continues until the following year. In the first half of 2009
there are more significant fluctuations in the production, the spring decline in production is
more significant than in other years and the middle of the spring cycle is not shifted to the right
to positive values of velocity corresponding to prevailing growth.

Figure 7 shows the phase plane plot for the year 2020. In March and April of this year, due
to the onset of the coronavirus pandemic and the associated restrictions, a very significant
decrease in production is evident (the plot is half the scale of previous plots). Subsequently,
there is an increase in production, which peaks in June. The holiday decline in production is
smaller than is typical in other years. The next second half of the year is already similar to the

usual nature of production.
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Figure 5. Phase plane plot for industrial production in the year 2008.
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Figure 6. Phase plane plot for industrial production in the year 2009.
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Figure 7. Phase plane plot for industrial production in the year 2020.
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5. Conclusions

The paper dealt with the possibilities of using functional data analysis in econometrics.
A lot of economic data takes the form of observations of time-continuously evolving processes
and can thus naturally be perceived as functional data. The search and review of articles
showed that functional data analysis can find various applications in describing and modeling
the behavior of various economic variables. Furthermore, the paper presented the main
theoretical fundamentals of the functional approach and then showed its possible use in the
exploratory analysis of the index of industrial production in the Czech Republic in the years
2000-2020. A functional representation of the data was created, and the derivatives were used
in the analysis, which were plotted in phase plane plots. The plots were created for each year,
which made it possible to study the seasonal character of production and compare differences
between years, specifically focusing on the economic crisis in 2008 and 2009 and the
coronavirus crisis in 2020. Phase plane plots allow better examination of the dynamics of
industrial production, not only in terms of its growth or decline, but because of the
representation of derivatives, it is possible to focus more on examining the rate of growth or
decline and its acceleration or deceleration also with the possibility to observe the impact of
various economic shocks. Interpretation with respect to energy transfer in the economic system
is also possible. The exploratory analysis could be further followed, for example, by creating a
functional model for the development of the industrial production index. The functional
approach has other possibilities of use, working with derivatives of functions is just one of the
benefits it brings. Functional data analysis can often help answer questions that are difficult for
classical statistical methods.
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