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Abstract: Let (F,),>0 be the Fibonacci sequence given by F,, 1, = F, ;1 + Fy, for n > 0, where Fy = 0
and F; = 1. There are several interesting identities involving this sequence such as F? + F2 11 = Pt
for all n > 0. In 2012, Chaves, Marques and Togbé proved that if (G;;)n is a linear recurrence
sequence (under weak assumptions) and G; | + -+ + G;_ ;, € (Gm)m, for infinitely many positive
integers 1, then s is bounded by an effectively computable constant depending only on 1 and the
parameters of (G, ). In this paper, we shall prove that if P(xy, ..., x/) is an integer homogeneous
s-degree polynomial (under weak hypotheses) and if P(G,,11,...,G,¢) € (Gm)m for infinitely many
positive integers 7, then s is bounded by an effectively computable constant depending only on ¢,
the parameters of (Gy,) and the coefficients of P.
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1. Introduction

A sequence (Gy,),,>0 is a linear recurrence sequence with coefficients co, c1, . .., cx_1, with cg # 0, if
Gutk = k-1Gpyk—1 + - +1Gpp1 + coGn, (1)

for all positive integer 1. A recurrence sequence is therefore completely determined by the initial values
Go, . .., Gx_1, and by the coefficients cy, 1, . . ., cx—1. The integer k is called the order of the linear recurrence.
The characteristic polynomial of the sequence (Gy,),>0 is given by

k—1

G(x) = K g - —gqx—q = (x—r)"t e (x =)™,

where rq,...,7; are called the root of the recurrence. A root rj of the recurrence is called a dominant
root if |r;| > |ri|, for all j # i € {1,2,...,t}. A fundamental result in the theory of recurrence
sequences asserts that there exist uniquely determined non-zero polynomials g1, ..., &+ € Q({r; ]t-zl) [x],
with deggj <mj—1, forj=1,2,...,t such that

Gn = g1(m)ry + -+ gi(n)ri’. @

For a proof of (2), see (Reference [1] Theorem C.1). Also, if r1 is the dominant root, then g1 (1) is
called the dominant polynomial.
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The well-known Fibonacci sequence is a recurrence of order 2 given by the recursion
Fioip=F41+Fy, withFfy=0and F; = 1.

The Fibonacci numbers are known for their amazing properties (see Reference ([2] pp. 53-56) and
References [3-7]). For example, we have

F2 + F2,, = Fpyy1, foralln > 0. 3)

In 2010, Marques and Togbé [8] searched for similar identities in higher powers. They proved
that if F; + F,_; is a Fibonacci number for all sufficiently large 7, then s = 1 or 2 (see [9] for a
generalization). In 2012, Chaves, Marques and Togbé [10] showed that if (G, ) is a linear recurrence
sequence (under weak assumptions) and G;,,; + -+ + G, , € (Gu)m, for infinitely many positive
integers n, then s is bounded by an effectively computable constant depending only on ¢ and the
parameters of G;,. Note that P(xy,xa,...,%) = x] + - - - 4 x is a homogeneous polynomial.

For any ¢ > 2, we want to study the Diophantine equation

P(Guit,---,Gups) = G 4

in positive integers n and m, where P(x1, ..., x;) is an homogeneous polynomial with integer coefficients.

In a first view of this equation, we can use some deep techniques in number theory such as results
on finiteness of non-degenerate solutions to S-unit equations (see for instance Reference [11] and the
references therein) to ensure that m should be a linear function in n, say an 4 b. Now, we can apply the
Skolem-Mabhler-Leech theorem to ensure that if

P(GnJrlr R Gn+£) — Ganyp =0

has infinitely many solutions, then they lie (with the possible exception of finitely many of them) in a
union of arithmetic progressions.

The goal of this work is to use more elementary tools to prove that if Equation (4) has infinitely
many solutions, then the degree of P must be bounded for an effectively computable constant. This
result, in particular, generalizes the main result of Reference [8]. More precisely, we have

Theorem 1. Let (Gy,),be an integer linear recurrence sequence having dominant root, which is multiplicatively
independent with the dominant polynomial. Also, let P(xy,...,x¢) = Q(x1,...,X/_1) + X} be an integer
homogeneous polynomial of degree s (with £ > 1). If Equation (4) has infinitely many solutions in positive
integers m and n, then there exists an effectively computable constant C such that s < C. The constant C
depends only on £, the parameters of (G, )m and the coefficients of P.

Our main approaches to the proof lie in some asymptotic estimates together with lower bounds for
linear forms in logarithms (Baker’s method), this method was used for example, in References [12-19].

2. Auxiliary Results

Before proceeding further, we shall need some key results. The first tool is a lower bound
for a linear form in logarithms a la Baker. From the main result of Matveev [20], we deduce the
following lemma.

Lemma 1. Lef yq,. ..,y be real algebraic numbers and let by, ..., by be nonzero rational integer numbers.
Let D be the degree of the number field Q(y1,...,vt) over Q and let A; be a real number satisfying

A; > max{Dh(v;), |logj|,0.16}, for j =1,...,t.

Assume that
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B > max{|bi],..., |b|}.

If'yi’l . ~’yf’ # 1, then
b gb ) > —1.4-30"3. 5. D?(1 +1ogD)(1+1logB)A; --- A
Im Tt | = exp(—1. ( og D)( og B) Ay t)-

The logarithmic height of an s-degree algebraic number < is defined as

1 5 ;
h(7) = < (loglal + Y logmax{1, ]y},
j=1

where 4 is the leading coefficient of the minimal polynomial of -y (over Z) and (¢ ))1§j§s are the
conjugates of 7y (over Q).
The next lemmas play an important role in the proof of Theorem 1.

Lemma 2. Let (Gy,)y be a linear recurrence whose characteristic polynomial has a simple positive dominant
root. Then the dominant polynomial of (Gy)y is a positive constant.

Proof. We know that (2) holds, where each r; has multiplicity m;, and each g;(n) is a non-zero
polynomial with degree < m; — 1. Suppose that r; is the dominant root, since it is simple, we have
immediately m; = 1 and then the degree of g1(n) is at most m; — 1 = 0, so it is a constant, say 7.
Now, dividing G, by r{, we get

G = 8i(n)
0<7::g1+2]n/ (5)
Y = K
where x; = r1/7;. Since |x;| > 1, we have
i(n
lim g](n) =0,forall2 <j <Y,
n—oo K].

and so

G
0 < limsup —" = g1.
n—eo I

Therefore, g1 > 0as g1 #0. O

Lemma 3. Let (Gy)y be a linear recurrence with a dominant root. For any nonnegative integers i and r, we have

r

Gr .. )
. n+i __ _roir
M = = &1 (6)

Proof. For any i > 0, we use (2) together the multinomial theorem, to obtain

! t . .

roo_ a; o1 (n+i) o (n+i)

i = 2 T L&+ DYy ere
zel, £j=1

where 7, = {& = (ay,...,a;) € Z' : &; > 0Oand Y!_;a; = r}. A straightforward computation
shows that

7

G, L
I S

ol t raliraz(rz+z) . .ruct(nJrz)

. . 2
Tl s+ : G ’
T \{reg} "V Cj=1 r
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wheree; = (1,0,...,0). Sincer —a; = ap+---+a, > 0and g1(n+ i) = g1 (by Lemma 2), we can write

t

G:z+i roir r! g](n+l) K aq i aoi ati
o = 8171 T ). I1 8111 " Ty
1

_ aq!e oyt K
aeZ\{re1} 1 t]:2 ]

where x; = r1/rj. Since [xj| > 1, then lim, 0 gj(1 + 1) /x = 0 and so each term in the previous
summation tends to zero as n — oo, because aj >0, for some 2 < j < t. So,
r

n+i roir

= 81"

lim
n—soo r;”

O

Now, we are ready to deal with the proof of Theorem 1.

3. The Proof of Theorem 1

Suppose that the pair (n,t,) is solution of Equation (4) for all n belonging to an infinite set /.
Thus, we have P(Gy41,...,Gyi¢) = Gi,, forall n € N. By the formula in (5), we have that G, = O(r]")
(where as usual, O denotes the ‘big-oh” Landau symbol). Thus the equality P(G11,...,Gu1¢) = G,
yields O(r}*) = O(ri”) and so t, = O(n). Now, we rewrite P(Gy41,...,Gy¢) = Gt, as

Z al(Gil’ll+l T (Gl’H*ffl)lg_l + (GYH*Z)S = th’

IeT
where the a;’s are the coefficients of P and the sum runs over a subset Z C 7, C Z!~1. We divide the
above equality by r{" and by using that i; + - - - +iy_; = s, we arrive at

C1(Gui) (Gpe)® G
j +0 t
Z lZI H in + rnSTl = rST:’ :
ez j=1 r| 1 1

Now, when 7 tends to infinity (in \), we use Lemma 3 to get

. Gy, 1 +2ip e+ (0—1)ig_
%E?oths _ 8§Tlf+ ip+--4(L—1)ip 1+(g1)sr{s. @)
neN 11 IeT
On the other hand,
Gt ¢ tn tn
n n 2
pis = 8171 ns+g2(fn)?+” +8t(tn) ;}s

Now, we use that any exponential function of #n dominates any polynomial function of n,
together with the fact that t, = O(n) and |r1| > [r], for j = 2,3,...,t, to conclude that

t:ﬂ

3j(tn) L .
lim =77 - =73 =0,forj=23,...,t
neN Tq 1
So
Gi t
no_ : n—Hns
MM s = g1 limn”
neN 1 neN

Since t;, — ns is an integer and r; > 1, then, by (7), t, — ns must be constant with respect to 1, say
v, for all n € N sulfficiently large. Hence, we have

i1+ 2+ (£—1)if
Y argir T (e = g (®)
IeT

Now, dividing by (g1)°r{* and after a straightforward calculation, we obtain
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L(P)
- rfs—(b1+2b2+"'+(f—l)bg,1),
1

)1—5 v—_s 1|

(g1 &1

where L(P) denotes the length of P (which is the sum of the absolute value of its coefficients) and
(b1,...,by_1) € Tissuchthatby +2by + - - -+ (£ — 1)by_q is maximal. Now, we will get a lower bound
for s — (by +2by + -+ -+ (£ —1)by_4). In fact, we see that by_1 < s,by_»+by1 <s,....b1+---+
by_1 < s and by summing these inequalities, we arrive at by +2bp + - -+ ({ —1)b,_1 < ({ —1)s and
sols— (by+2by+---+ (£ —1)by_q) > s. Therefore,
s y— L(P
(g ory -1 < B ©
In order to apply Lemma 1, we can suppose that ¢ # {s (otherwise, we would have a linear form
in one logarithms and the proof would follows in the same way). Then, we choose

M=81, T2=11, b1 =1—5, bh =v—¥Is.

Before applying the lemma, let us see that we can suppose that (g1)'~*V = # 1. In fact, otherwise
we would get a multiplicative relation between g; and rq (which are multiplicatively independent),
this would imply in s = 1 (and the proof would be done). So, we can suppose that |(g1)' 5~ — 1| # 0.

Note that D = [Q(71,72) : Q] < k!. Note that the conditions to apply Lemma 1 are fulfilled for
A1, Ay, Az depending only of ¢, the parameters of (G, ) and the coefficients of P. Now, we must give
an estimate to

max{|s — 1|, |v — ¥s]} < |v| + s < v* 4 fs.

If v — ¢s < 0, then max{|s — 1|, |[v — £s|} < €s(¢s +1). If v — ¢s > 0, we divide (8) by (g1)°r{* and

by using that i; < s, we obtain
|rl|v7€s < zlgl|571L(P)|rl|é(£71)s/2‘

Thus, there is an integer constant C; > 1 depending only on L(P),r; and g; such that v — fs <
C15(s + 1). Therefore, we can choose B := max{/¢s(¢s +1),Cys(s + 1)} < 4C1¢?s* (where we used that
x +y < xy, for all positive integers x and y, with min{x,y} > 1). By Lemma 1, we obtain

[(g)1 55 — 1] > exp(—7.7 - 108 (k!)3(1 + log B) A1 A2 A3).

Since 1 +log B < 2log B < 2log(4C1£?s*) < 8log(4C1¢?)logs, then

[(g)1 575 — 1] > exp(—62 - 108(k!)> A log(4Cy £%) log s), (10)
for A := A1AzA3. Now, we combine the estimates (9) and (10), and after a straightforward calculation

(e.g., by applying the log function in the inequality), we arrive at

S 1

v .108(KkN3 A - 2
ogs < logr1<124 108(k!)3A - L(P) log(4C, 2)),

where we used that log L(P) < 2L(P). Now, let us rewrite the above inequality as

S

7

logs
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for M defined as M := (124 - 108(k!)3A - L(P) log(4C1¢?))/ log r1 (note that this number depends only
on /, the parameters of (G, ) and the coefficients of P).
On the other side, it is well-known that, for K > e,

fogx < K implies that x < 2KlogK.
In fact, this inequality can be proved by noting that the function x — x/ log x is increasing for
x > e. Therefore, we conclude, from s/ logs < M, that

s < 2Mlog M.

In conclusion, there exists an effectively computable constant C := 2Mlog M, which depends
only on /, the parameters of (G, ), and the coefficients of P, such thats < C. [

4. Conclusions

In this paper, we study the values of a homogeneous polynomial at a tuple of consecutive terms
of a linear recurrence sequence (under some weak technical assumptions), which are still a term of
this sequence. More precisely, if (Gy,), is a linear recurrence sequence, we want to study the equation
P(Gys1,---,Gpip) = Gp, where P(xq,...,xy) is an s-degree homogeneous polynomial with integer
coefficients (i.e., P(Axy,...,Ax;) = A°P(x1,...,xp), for all A € R). In particular, we proved that if this
equation has infinitely many solutions, then s is bounded for some computable constant depending on
¢, the parameters of (G,),; and the coefficients of P.
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