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Abstract: Systems working in discrete time (discrete event systems, in short: DES)—based on binary
operations: the maximum and the minimum—are studied in so-called max-min (fuzzy) algebra.
The steady states of a DES correspond to eigenvectors of its transition matrix. In reality, the matrix
(vector) entries are usually not exact numbers and they can instead be considered as values in some
intervals. The aim of this paper is to investigate the eigenvectors for max—-min matrices (vectors) with
interval coefficients. This topic is closely related to the research of fuzzy DES in which the entries of
state vectors and transition matrices are kept between 0 and 1, in order to describe uncertain and vague
values. Such approach has many various applications, especially for decision-making support in
biomedical research. On the other side, the interval data obtained as a result of impreciseness, or data
errors, play important role in practise, and allow to model similar concepts. The interval approach in
this paper is applied in combination with forall-exists quantification of the values. It is assumed that
the set of indices is divided into two disjoint subsets: the E-indices correspond to those components
of a DES, in which the existence of one entry in the assigned interval is only required, while the
A-indices correspond to the universal quantifier, where all entries in the corresponding interval must
be considered. In this paper, the properties of EA/AE-interval eigenvectors have been studied and
characterized by equivalent conditions. Furthermore, numerical recognition algorithms working in
polynomial time have been described. Finally, the results are illustrated by numerical examples.

Keywords: discrete events system; max-min (fuzzy) algebra; interval matrix; interval eigenvector

MSC: Primary: 08A72; 90B35; Secondary: 90C47

1. Introduction

Matrices in max—min algebra (fuzzy matrices), in which the binary operations of addition and
multiplication are replaced by binary operations of maximum and minimum, are useful when
modeling fuzzy discrete dynamic systems. They are also useful for graph theory, scheduling,
knowledge engineering, cluster analysis, fuzzy systems and when describing the diagnosis of technical
devices [1,2] or medical diagnosis [3]. The problem studied in [3] leads to the problem of finding the
greatest invariant of the fuzzy system.

Fuzzy DES combine fuzzy set theory with discrete events systems and are represented by
vectors and matrices having entries between 0 and 1 and describing uncertain and vague values.
The papers [4,5] are devoted to a generalization of DES into fuzzy DES and spreading optimal control
of discrete event systems to fuzzy discrete event systems. The authors of [6] deal with predictability in
fuzzy DES. In particular, these papers are motivated by an ambition to clear a difficulty with vagueness
and subjectivity in real medical applications. The other possibility how to treat the possible inaccuracy
of DES entries is to use interval data in combination with forall-exists quantification of values. Namely,
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some elements of the interval vector and the interval matrix are taken into account for each value of
the interval, and some of them are only considered for at least one value. This approach allows to
obtain alternative solutions.

The research of fuzzy algebra is also motivated by max-plus interaction discrete-events systems
(DESs) whereby applications on the system of processors and multi-machine interactive production
process were presented in [7,8], respectively. In these systems, we have n entities (e.g., processors,
servers, machines, etc.) which that work in stages. In the algebraic model of their interactive work,
the entry x;(k) of the state vector x(k) represents the start-time of the kth stage on entity i,i =1,...,n,
and the entry 4;; of the transition matrix encodes the influence of the work of entity j in the previous
stage on the work of entity i in the current stage. The system is assumed to be homogeneous, in the
sense that A does not change from stage to stage.

Summing up all the influence effects multiplied by the results of previous stages, we have
xi(k+1) = @;a;; ® xj(k), where & = max and ® = +. In max-plus algebra, the maximum is often
interpreted as waiting until all works of the system are finished and all of the necessary influence
constraints are satisfied. The problem of finding the vectors for which the DES reaches the steady state
leads to the eigenproblem A ® x = A ® x, and is one of the most intensively studied questions (see
max—min case study in Section 3.2.

Analogously, ® = min in max-min algebra. The summing is then interpreted as computing the
maximal capacity of the path leading to the next state of the system. Because the operations max and
min do not create new values, a DES in max—min algebra necessarily comes to periodic repetition of
the state vector (i.e., to a steady state) if the period is 1. The eigenproblem then has the form A ® x = x.
In comparison with the max—plus algebra, the eigenvalue A is omitted (in other words, we assume that
A is equal to the maximal value I).

In practice, the values of the matrix entries obtained as a result of roundoff, truncation, or data
errors are not exact numbers and they are usually contained in some intervals. Interval arithmetic is
an efficient way to represent matrices in a guaranteed way on a computer. Meanwhile, fuzzy algebra
is a convenient algebraic setting for some types of optimization problems, see [9]. Matrices and vectors
with interval entries play important role in practice. They can be applied in several branches of applied
mathematics, as for instance, a solvability of systems of linear interval equations in classical linear
algebra [10] and in max-plus algebra [11] or the stability of the matrix orbit in max—min algebra [12,13].

The motivation for the basic questions studied in this paper comes from an investigation of the
steady states of max—min systems with interval coefficients. Suppose that X is an interval vector
and A is an interval matrix, then X is called a strong eigenvector of A if A ® x = x holds for every
x € X and for every A € A. The eigenvectors correspond to steady states, and it may happen in
reality that this interpretation—with the universal quantifier for every index i € N and for every pair
(i,j) € N x N—is too strong for all of the entries.

In other words, in some model situations only the existence of some x; (some 4;;) is required
fori € N7 (for (i,j) € N?), while all possible values of x; (of a;;) must be considered for i € N" =
N\ N? (for(i,j) € N = N x N\ N7).

Hence, we assume that X and A can be split into two subsets according to the exists/forall
quantification of its interval entries; that is, X = X IpX"orA = A7 AY (or both splittings
simultaneously) take place.

According to the first two cases, the properties of various types of the strong EA / AE-eigenvectors,
or the EA/AE-strong eigenvectors, are studied in this paper. In addition, their characterizations by
equivalent conditions are given. Moreover, polynomial recognition algorithms for the described
conditions are presented. The mixed case (the EA/AE-strong EA/AE-eigenvectors) is briefly
considered without recognition algorithms.

Related concepts of robustness (when an eigenvector of A is reached with any starting vector)
and strong robustness (when the greatest eigenvector of A is reached with any starting vector) in
fuzzy algebra were introduced and studied in [14,15]. Equivalent conditions for the robustness of
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interval matrix were presented in [11] and efficient algorithms for checking of strong robustness were
described in [16]. The papers by [12,13] deal with AE/EA robustness of interval circulant matrices
and X4F / XEA robustness of max-min matrices. Polynomial procedures for the recognition of weak
robustness were described in [15].

The rest of this paper is organized as follows. The next section contains the basic definitions
and notation. Sections 3 and 4 deal with the definitions and equivalent conditions for the
EA/AE-eigenvectors. In particular, Section 3 is divided into two subsections, where Section 3.1
contains the methodology and Section 3.2 presents a study case application based on a numerical
example. Section 5 describes the strong EA / AE-eigenvectors. Meanwhile, Section 6 is devoted to
characterization of the necessary and sufficient conditions for the EA /AE-strong eigenvectors. Finally,
the generalization to the mixed case of EA/AE-strong EA/AE-eigenvectors is briefly sketched in
Appendix A.

2. Preliminaries and Basic Definitions

Let (B, <) be a bounded linearly ordered set with the least element in B denoted by O and the
greatest element denoted by I. For given natural numbers m, 1, we use the notation M = {1, 2, ..., m}
and N = {1, 2, ..., n}, respectively. The set of m x n matrices over B is denoted by B(m, n), the set
of n x 1 vectors over B is denoted by B(n) and, for « € B, the constant vector («, ..., )T is denoted
by a*.

The max-min algebra is defined as a triple (B,®,®), where a & b = max(a,b) and a® b =
min(a, b). The operations &, ® are extended to the matrix-vector algebra over B by the direct analogy
to the conventional linear algebra. If each entry of a matrix A € B(m, n) (a vector x € B(n)) is equal to
O, then we write A = O (x = O).

The ordering from B is naturally extended to vectors and matrices. For example, for x =
(x1,...,x0)T € B(n)and y = (y1,...,yx)T € B(n) we write x < y, if x; < y; holds for eachi € N.

For A, A € B(n,n), A< Aand x, X € B(n), x < ¥, the interval matrix A with bounds A, A and
the interval vector X with bounds x, X are defined as follows

A=[AZA|={A€Bmnn);A<A<A},

X=[xx]={xeBn);x<x<x}.

In the rest of this paper we assume that subsets N7, N” C N are given with N = N7 U N" and
N = NN NY = @. In other words, we consider a partition N = {NH, NV}. Ifi € N (ie NV), then we
say that the index i is associated with the existential (universal) quantifier.

Using the given partition N = {N7,N"}, we can split the interval vector X as X" & X,
where XY = [x7,%"] is the interval vector comprising the universally quantified entries and
X7 = [x7,%7] concerns the existentially quantified entries. In the other words, every vector x € X can
be written in the form x = x¥ @ x7, with x¥ € X", x7 € X-.

More precisely, x] = x; fori € NY, x} = O fori € N7; and similarly, x; = x; fori € N7, x? = O
fori € NY.

Definition 1. Let interval vector X C B(n) and partition N = {N7,N"} be given. Interval vector X7 =
[x7, %7 is called

o E-subvector of X, if x; =X = O foreachi € N and [x7,%7] = [x;,%;] for eachi € N7,

and interval vector X" = [x7,%"] is called

o A-subvector of X, if x =% = O foreachi € N7 and [x},X]] = [x;,%;] for eachi € NY,
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Example 1. Suppose that B = [0,10], N = {N7, N"}. Consider interval vector X which has the form
[1,2]
[1,3]
X=| [34] | with N?={1,2,3} and N” = {4,5}.
[1,2]
0,1
Then subvectors X~ and X" have the form

(1,2] [0,0]
1,3] [0,0]
X3=1| [384] |,andX" =] [0,0]
[0,0] 1,2]
[0,0] [0,1]

For given A € B(n,n), x € B(n) we say that x is eigenvector of A, if

AQx=x.

In the rest of this paper, we assume that a partition N = {N3, N"} is given. The corresponding
subvectors X7, X" and entries will always be related to this fixed N, without explicit formulation.
The same is true for the EA/AE-eigenvectors that are defined as follows.

Definition 2. Let matrix A € B(n,n) and interval vector X = [x,X] C B(n) be given. We say that X is

o  EA-eigenvector of A if
Bl e X)W e XA (P @x") = (¥ @xY),
o AE-eigenvector of A if

(Vx" e X)) (A e XN A (P ax") = (" @xY).

All matrices belonging to A and vectors belonging to X can be represented as max—min linear
combinations of so-called generators, which are defined as follows. For every i,j € N, All) e B(n,n)
and x), xll ¢ B (n) are defined by putting, for every k,I € N,

7

i a;;, fork=il=j
p = {7 fork=ii=)
ay, otherwise

xl(j) _ x;, for k=i x[i] _ X;, for k=1
X, otherwise X, otherwise

Furthermore, we denote x("*1) := x7, x["*1 .= ¥ and X}, = {x®,xll;i ¢ NU{n+1}}.
Notice that |XE| = 2n + 2.

Lemma 1. Let x € B(n) and A € B(n,n). Then,
() x€Xifandonlyifx = @ B; @ x1) for some p; € Bwith x; < p; < X,
ieN

(i) Ae€Aifandonlyif A= i]GeBN ajj ® A) for some wjj € Bwith a;; < aj; < ajj.
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Proof. For the proof of statement (i), let us suppose that x € X; thatis, the inequalities x; < x; < X; hold
foreveryi € N. Denoting B; = x;weget B; ®%; = x; ®X; = x;and ; ® x; = x; @ x; = x; < x; forevery
i € N. It can be easily verified that @;cy B; ® x!) = x. The proof of statement (ii) is analogous. []

3. EA-Eigenvector

3.1. Description of the Methodology

The first result is the characterization of an interval EA-eigenvector of a given (non-interval)
matrix A, with the help of generators.

Theorem 1. Let A € B(n,n) and X = [x,X] be given. Then, X is EA-eigenvector of A if and only if
(A ex)(VieN"U{n+1})A® (x? @x) = xF @20,

Proof. Suppose that there is x? € X7 such that A ® (x? @ x()) = x7 @ x() holds for all
i € NY U {n + 1}. For fixed x7 define the auxiliary interval vector X = (%1, ...,4,)7 as follows:

o= [x?,x?], for i€ N- . 1)
: [x;,%;], for i€ NY
Notice that vectors £(1) of X have the form
‘ %, for k=iAieN"
2 =4 x, for k#inkeNY @)

x,?, for ke N7,
or equivalently, 20 = x3 @ x( foreachi € N¥ and #()) = & = x? @ x("*1) for each i € N-. Itis easy
to see that X is EA-eigenvector if and only if A ® £ = £ holds for each £ € X. By Lemma 1, an arbitrary

vector £ € X is defined as the max-min linear combination £ = @ B; ® £(!). We will then prove that
ieNY
the equality A ® £ = £ holds for each £ € X. Thus, we get

ieN ieN3 iENY

Apt=A@pioi) =A® (EB oo P ﬁi®£(i>> -

A | Ppovie @Ppotd)|=|Ppoicit|e| Ppoaz)| =

ieN3 ieNY ieN-? ieNY

(EB /%z-®A®(x3@x<"“))) ® (GB ﬁi®A®(x3@x(i))) =

ieN? ieNY

@ﬁz x@x””) D @ﬁz x@x) =

iEN? iENY

I
=2

@ pete @ pie?

iEN3 ieNY

The reverse implication is trivial. [
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The next result shows that the conditions in Theorem 1 can be equivalently formulated as
the solvability condition of a system of two-sided max—min linear equations. Hence, the interval
EA-eigenvectors of a given non-interval matrix can be recognized in polynomial time.

Without loss of generality, suppose that N = {1,2,...,k} and NY = {k+1,k+2,...,n}; thatis,
X7 = ([x,%1], ..., [x. %], [0,0]...,[0,0D)T

and
X" = ([0,0]...,[0,0], [Xx41, Tks1)s - - [X0, Tu]) -

Define the matrices C,D € B(n(n —k +1),n + 1) as follows

AxVD . Agx®  Agxktl) o) o ... O
. Aox®M . Agx® o) Ax®2 o .. O
AoxV . Agx® 6) o) O ... Agx(+l
and
x o xR (kD) @) o ... 0
O  x(K) o) k2 o .. 0
D:
XD o0 0 0 ..

Theorem 2. Let A and X = [x,X] be given. Then, X is EA-eigenvector of A if and only if the system
C® P = D ® Bis solvable with x; < B; < X fori € Naandﬁj =Iforje NYU{n+1}.

k .
Proof. By Lemma 1,if x; < ; <X, fori € N3, thenx® = @ Bi ® x(® belongs to X7 and if x? € X7,
i=1

k .
then we can find x; < §; <Xx; fori € N-= such that x” = Bi® x(@),
i=1

We also have that the system C ® B = D ® B is solvable with x; < B; < ¥; fori € N7 and Bi=1
for j € NY U {n + 1} if and only if the following equivalences hold true:

Cep=DRL<

(VieN"U{n+1}) P (AexDep)e(Aex)ep)=

ieN3
B Vep)elep) e
ieN3
(VieN"U{n+1})A2 (P PV ep)exl)= PP ep)ox) <
ieN3 ieN3

(A eX)(VjeN"U{n+1}) A® (¥ ®xl)) = x7 @ xU)
because of B = I for j € NY U {n + 1}. Thus by Theorem 1, the assertion follows. [

A polynomial algorithm for solving a general two-sided system C ® f = D ® 8 of max-min
linear equations with C, D € B(r,s), is presented in [17]. This method finds the maximum possible
solution, M@, of the system. If this possible solution does not satisfy all of the conditions of the system,
then the system is not solvable. In our case, the insolvability means that the considered X is not an
EA-eigenvector of A. The computational complexity of the proposed algorithm is O(rs - min(r, s)).
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Theorem 3. Suppose that we are given a matrix A and an interval vector X = [x,X|. The recognition problem
of whether a given interval vector X of A is EA-eigenvector is then solvable in O(n*) time.

Proof. According to Theorem 2, the recognition problem of EA-eigenvector of A is equivalent to
recognizing whether the system C ® p = D ® f is solvable with x; < f; < ¥, forj € N 3 and Bi=1
for j € N”. In the general case, the computation of the needs O(rs - min(r,s)) time (see [17]). In our
case, we have r = n(n —k+1), s = n + 1; therefore, the computation of C® g = D ® B is done in
O(n?-n-n) = 0O(n*) time. O

3.2. Case Study Application of the Methodology Based on Numerical Example

Consider a data transfer system consisting of n computers and one server S. The computed data
from computer ¢;, i € N are sent to S whereby the corrected data have to return to c;. We assume that
the connection between ¢; and S is only possible via one of n security processors p;, the connections
between ¢; and p; are one-way connections, and the capacity of the connection between ¢; € N and
p; € N is equal to a;;. Moreover, suppose that security processors p; € N are connected with S by
two-way connections with capacities x; in both directions. The data are transmitted in data packets,
and every data packet is transmitted over just one connection as an inseparable unit. Therefore,
the total capacity of the connection between i and S is equal to r]%%{min{aij, xj}}, that is, different

used connections are comprised as the maximum of capacities (not as their sum).

The transfer from S to i is carried out via other one-way connections between security processors
j € Nandi € N with capacities between j and i equal to the constant I (the greatest element) if i = j,
and equal to O (the least element), otherwise. Since the connections between S and j are two-way
connections, the total capacity of the connection between S and i is equal to min{I, x;} = x; for every
i € N. The goal is to find optimal capacities x;, j € N such that the maximal capacity of all connections
between i and S via j is equal to the maximal capacity of connections between S and i on the way back,
that is, we have to choose xj, j € N in such a way that rjré%({min{aij, xj}} = x; foralli € N.

Consider a data transfer system which consists of 4 computers, 4 security processors and one
server (see Figure 1). To find optimal capacities x;, j € M = {1,2,3,4} means to solve an eigenproblem
for a matrix A. Then for B = [0,10] and the matrix A we look for a solution of the equality A ® x = x,
or in matrix-vector form, we have

0221 x1 x1
102 2 X2 X2
A = =
SR BT e x3
1215 X4 x4
computers C; securityprocesscursP_i

servers

Figure 1. Data transfer system (application).
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One solution of the set of all solutions describing optimal capacities x;, j € N of the data transfer
system is vector x = (2,2,4,5)7.

Assume now that the capacities x;, j € N are limited by the lower bound x; and upper bound
X;j. Furthermore, we assume that not all of the processed data have the same importance: whereby,
for some more important types of data, all values of the interval must be taken into account (all
capacities of the data transfer system have to be involved in optimal solutions), and for some—less
important data types—it is sufficient to be considered for at least one value (some value of these
capacities of the data transfer system are optimal). In the above defined terminology, the optimal
solution has to satisfy the definition of the EA-eigenvector of A.

For numerical illustration of this situation suppose that interval vector X has the form

N W NN
=l
I

W o Ul

with N7 = {1,2}, N¥ = {3,4} and N U {n + 1} = {3,4,5}.

Then generators of X and its matrix-vector products can be computed as follows:

4 2 0 0 0
2 5 0 0 0
(1) — (2) — (3) — (4) — (6) —
X 0 , X 0 , X 4 , X 3 , X 3
0 0 2 3 2
and
2 2 2
m_ |1 @ _ | 1 @ | 2
ARx 5 ,ARQx 5 , AR x 4 |
2 2 2
2 2
2 2
(4) — (6) —
A®x 3 ,A@x 3 ’
3 2

By Theorem 2 we will show that X is EA-eigenvector. At first we shall construct matrices C and
D and after that we shall solve the system C® = D ® pwith x; < f; <Xjforj € N7 and B; = I for
ie NYU{n+1},ie,

B1
B2

B1
B2
@ B3 3)
B4
Bs

Ba
Bs

NN R, RNNNR~R,NNDRNR~N
NN R, RNNNR~R,NNRNR~N
COOC OO OO ONERNN
CoOo0CO0CWWNNOOOO
N WNNOOOOOC OO O
CONBROONKBROON
COUINOOUNOGOWGN
COoOOC OO0 OO NKOO
CoOoc o wWWwWoOoOoooOo
N WoOoOoooooc oo o
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with2 < 1 <4;,2< 8, <5;10 < B3 <10; 10 < B4 < 10; 10 < B5 < 10.

To obtain a solution of the system (3), we use the Algorithm 1 presented in [17]. For the
convenience of the reader, the algorithm is described in the original notation.

Let A, B € B(m,n) be given matrices. Denote

M:{xEB(n);A®x2B®x},
I1={1,...,m},J={1,...,n},

a;(x) = max(a; @ x;), bj(x) = max(b;; ® x;),
i€l j€]

M(Y:{x'xEM/\x<Y}

I(x)={ie 1/ ﬂ‘(f) = b‘( )}
a(¥) = min{a;(x); i € I=(X)},
I=(a(x)) = {i € I" (%); 4;(x) = a(¥)},
I7(a(x)) = {i € I"(3); ai(x) < (%)},
J(a(x)) ={j € J; Gi € I (a(x))[b;j ©X; > a(¥)]}

Algorithm 1: Solving a general two-sided system.

Input: m, n, x.

Output: x™@X.

begin

1|1f ¥ € M(x), then x™2* := %, STOP;

2 | Change notation so that 4;(x) < b;(X) foralli € I;
[3] Compute «x( ), 1% (D)), 1= (@(D));

Set %= a(X) if j € J(a(X)), % := X; otherwise;
. 5|If ¥ € M(X), then x™?* := ¥, STOP;

@Putf = JZgoto
end

We will now apply the items of the Algorithm 2 to obtain the greatest solution of the system (3)
whereby x, a;(x), b;(x) will be substituted by B, c;(B), d;(B), respectively:

Algorithm 2: Solving a general two-sided system - example.
Input: m =12,n =5,1 ={1,...,12},] = {1,...,5},x = (4,5,10,10,10).
Output: g,
[1]B = (4,5,10,10,10) ¢ M(P);
(2] (c1(B), - clz(ﬁ)) (2,2,4,2,2,2,3,3,2,2,3,2) <
(B dlz( )) =(4,5,4,2,4,5,3,3,4,5,3,2);
B) =2, I(a(p)) = I=(2) = {1,2,5,6,9,10}, I~ (a(B)) = I~ (2) =
/12 } ( (B) =J(2) ={1,2};
=(2,2,10,10,10);
B = (2,2,10,10,10) € M(B), ™ = §, STOP.

The output of the Algorithm 2 is vector f™® = (2,2,10,10,10) € M(B), which is the greatest
possible solution of the system (3). It is easy to verify that the possible solution ™ satisfies all
conditions of (3). In other words, ™ is the solution, and we can conclude that X is an EA-eigenvector
of A.
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4. AE-Eigenvector

As in the previous section, we characterize an interval AE-eigenvector of a given non-interval
matrix A with the help of generators. We recall that X7 = {x(), xll;i € NU{n +1}} C X", where

) _ {xi, for k =i i {xi, for k=i

k . — .
Xi, otherwise, X, otherwise,

fori € N, and x("t1) .= x¥, x[n+1] .= 7,
Theorem 4. Let A € B(n,n) and X = [x,X] be given. Then, X is an AE-eigenvector of A if and only if
(Vx" e XP) B e XA (P @x") =7 .
Proof. Suppose that X is not an AE-eigenvector of A; that is,
B e XN (VP e XA (P D x") # (¥ @)
or equivalently
BAx" e X(Vx7 e XNEFieN) (A (P @x")); # (¥ @ x").

We shall prove that either there is k € N U {n + 1} such that for each x7 € X7 the inequality
A® (x? ®xW) £ (x? @ x®)) holds true or there is k € N'U {n + 1} such that for each x? € X7 the
inequality A ® (x? @ x[K) £ (x7 @ xI¥) is fulfilled.

We will next analyze four cases:
Case (i).

Suppose thati € N7 and (A ® (x? @ x¥)); < (x? @ x");. We then have

Pajo (o) < (xox’),
JEN
and for x7 = x("*1) we obtain

Paj® (x? @&V)]’ <Paje (27 @xv)]- <(xFox")=x=(xTox").
JEN JEN
Case(ii).
Suppose thati € N7 and (A ® (x® @ x¥)); > (x” @ x");. We then have
Paje (P ax") =000 6x")e@a;e (@ ex");> (@ ax");
jeN #i
and hence
@ai]- X (XS 5> xv)]- > (XE @ xv),-
J#i
because a;; @ (x7 @ x7); < (x” @ x7);. Moreover, there exists k € N, k # i such that
Pajo(xTex") = (@ ex") > (x" ex’),.
j#i

We will consider two subcases:



Mathematics 2020, 8, 882 11 of 20

Subcase 1: k € NY. Then, for x*), we obtain

Paje (P ox®) > e @@ orW) =g o (@@ ox") >
JEN
@ (@) > (o) =x = (@ ox®),
Subcase 2: k € N3. Then, for x["*1 = %Y, we obtain
Paij® (x7 @Yv)j > a5 @ (x>
jeN
ag @ (¥ @) > (o) =x = (K o)
Case (iii).

Suppose thati € N” and (A ® (x7 @ x")); < (x @ x¥);. We then have

@ a;; @ (XH S¥) Xv)]‘ < (XH S¥) Xv>i =1

jEN
3; @ (X ox"); e @Pa;e (@ ex’); < (¥ ex"),
jeEN

and hence it follows that
3; @ (F@x); < (Fx"); = a; < (x BxY);.
Thus, for x(!) we obtain

Pai @xl)) —aii®(xa@fv)i@@aij@)(xa@gv)j<
jeN J#i

all® @®a1]® ) (xa@xv)i :xiv Sflv :x(i) = (xa@x(i))i_
i
Case (iv).
Suppose thati € N” and (A ® (x7 @ x7)); > (x @ x¥);. We then have

Pai;® (o xv)]- > (x7 @x");,

jEN

hence there is k € N, k # i such that a; ® (x? ® x7); > (x7 @ x"); because a; ® (x7 @ x"); <
(x7 @ x%);.

We will consider two subcases:

Subcase 1: k € NY. Then, for x*), we obtain

@al]® )) >alk®( @x(k))k:ﬂik(@(xa@fv)kz
jEN
ap @ (P o) > (Fox") = > =M = T @a®),

Subcase 2: k € N=. Then, for xm, we obtain

Daij (o) > a0 (o) =g ox) >
jeN
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1 ® (¥ © x> (F o) =af > 2f = = (F @)
The reverse implication is trivial. [

The last theorem can be rewritten in the following form:
Corollary 1. Let A € B(n,n) and X = [x,x] be given. Then, X is AE-eigenvector of A if and only if
(Vie NU{n+1})3x()? € X)) A® (x(i)? @ xD) = x(i)7 @ x1,
(Vie NU{n+1})(3x[i])’ € X°) A® (x[i])” & 1) = x[i]? & xlL.

The next two theorems show that the conditions in Corollary 1 can be equivalently formulated
as the solvability conditions of a finite set of two-sided max—min linear systems. Consequently,
the interval AE-eigenvectors of a given non-interval matrix can be recognized in polynomial time.

Without loss of generality suppose that N = N FJUNY, where N? = {1,2,...,k} and NY =
{k+1,k+2,...,n}; that s,

Xa = ([lllfl]/' ce [lszk], [O/ O] ceey [O, ODT

and
X" =([[0,0]...,[0,0), xi11, %ks1), - - [0 Tn]) T

Define matrices C(i), D(i), E(i), F(i) € B(n,k+1),fori € N U {n + 1}, as follows

cliy=(AexV ... Aex® Aex®), D@)=(x0 .. x© +0)

E[i]:(A®x(1) .. Agx® A®x[ﬂ), F[i]:(x(l) o x® x[il)
Also, denote B = (B1, ..., B, Bre) " v = (v, o Y Yis1) T € B(k+1).

Theorem 5. Let A € B(n,n), Xandi € NY U {n + 1} be given. Then

e (37 e XHA® (P ax) = (x? @ xW) if and only if the system C(i) ® B = D(i) ® B with
x; < Bj<Xjforje N3 and By, 1 = I is solvable,
o (BxlexNA® (x?®xll) = (x7 @) ifand only if the system E[i] @ ¢ = F[i] ® -y with x <7 <
Xj forj € N7 and vy = I is solvable.
k ‘
Proof. By Lemma 1, if X < ﬁ]- <% forj e N7, thenx? = @ Bi ® x(7) belongs to X7, and if 2 € X°
j=1
k 4
then we can find x; < B; <7 forj € N7 such that x7 = @ B ® xU),

j=1
We also have the following equivalences for an arbitrary i € NV U {n + 1}

Ci)@B=D(i)®p <

@ A@x(f)®‘3j@A®x(i)®ﬁk+1: EB x(j)®ﬁj@x(i)®,3k+l<:>

jEN? jENA
Ao (P Depax)y=@Deperl) s
jEN? jENA

A exNAae (P ox)) =x@x(
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because By 1 = I.
Similarly, we can prove the second part of the theorem. O

Theorem 6. Suppose that we are given a matrix A € B(n,n) and an interval vector X = [x,X]. Then, X
is an AE-eigenvector of A if and only if for each i € NY U {n + 1} the systems C(i) ® p = D(i) ® B and
Cli] ® p = DIi] ® B are solvable with x; < B; < X; for j € N7, Biy1 = Iand xj < qj <Xjforje N7,
Ykr1 = 1, respectively.

Proof. The assertion follows from Theorems 4 and 5. [

Theorem 7. Suppose that we are given a matrix A € B(n,n) and an interval vector X = [x,X|.
The recognition problem of whether a given interval vector X is an AE-eigenvector of A is then solvable
in O(n*) time.

Proof. According to Theorem 6, the recognition problem of whether a given interval vector X is an
AE-eigenvector of A is equivalent to recognizing if the system C(x") ® B = D(x") ® B is solvable for
each x" € X with x; < Bj<xjforje N7 and Bi;1 = I. The computation of a system A®y = B®y
needs O(rs - min(r,s)) time (see [17]), where A, B € B(r,s). Therefore, the computation of at most n
such systems is done in n - O(n®) = O(n*) time. [

5. Strong Eigenvectors

In this section, we study various eigenvector types for the interval matrix A = [A, A] and the
interval vector X = [x,X]. The basic type, which is called a strong eigenvector, is related to all
matrices in A and all vectors in X. Further types, which are called strong EA-eigenvectors (strong
AE-eigenvectors), are related to all matrices A € A and to EA-eigenvectors (AE-eigenvectors) derived
from X.

Definition 3. Let A, X be given. The interval vector X is called strong eigenvector of A if (VA € A)(Vx €
X)A®x=x.

Theorem 8. Let A, X be given. Then, X is a strong eigenvector of A if and only if A @ x*®) = x®) and
A®xk) ) for all k € N.

Proof. Let us assume thatx € X, A ® x®) = x*k) and A @ x0) = x(®) forall k € N. Then, for arbitrary
x € X we get

ARx=A® @ﬁl®x @,Bl ® (A®x® @ﬁl®x

and

ARx

Z@@ﬂ@x @,Bl ® (A x @ﬁ,@x =

i=1

The assertion follows from the monotonicity of operations; thatis,x = A®x < A®x < ARx =
x for each A € A. The converse implication is trivial. [

Remark 1. It is easy to see that the conditions in Theorem 8 can be verified in O(n®) time.

Definition 4. Let A, X be given. Then interval vector X is called

e astrong EA-eigenvector of A if

(VAec A) B e X)(Va" e XNA@ (P @x") =x7 @ x",
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e and a strong AE-eigenvector of A if

(VAc A)(Vx" e X)) (I e XA (x® dx") = @ «".

Theorem 9. Let A, X be given. The following conditions are equivalent
(i) X isastrong EA-eigenvector of A,
(i) (3x7 € X7)(vx" € X") [A@ Fox)=xax" AN Av (P ox")=x"® xv},
(iii) (37 € X3)(vx® e XV) [A @ @x®)=xTex® A
A (P ox®)=xTo x(’ﬂ.

Proof. These assertions follow from Theorems 1 and 8. [

Theorem 10. Let A, X be given. The following conditions are equivalent
(i) X isa strong AE-eigenvector of A,
(i) (Vx¥ e X7)(3x7 € X7) [A@ Fox)=xox" N Ao ex) =1 xv},
(ii) (vx" € X3)(3x7 € X7) [A® (P @27) = 7 @27 A
A (P ex’) =%’ @xv]

Proof. These assertions follow from Theorems 4 and 8. [

Remark 2. By Theorems 9 and 10, the verification of whether

(i) X is a strong EA-eigenvector,
(ii) X is a strong AE-eigenvector,

reduces to finding a vector x3 € X7 satisfying some linear max—min equations, similar to Theorems 2 and 6.
Hence, the recognition problem for these types of strong eigenvectors is polynomially solvable.

6. EA/AE-Strong Eigenvectors

In the previous sections, we worked with a fixed partition N = {N 3 NV}, with N = N7UNY
and N = N°NNY = @. In other words, every index i € N is associated either with the existential,
or with the universal quantifier. According to partition N, the interval vector X is presented as a sum of
subintervals X7 @ X". The interpretation of this partition is such that, for technical reasons, the vector
entries in subinterval X~ only require the existence of one possible value x; € [x;,¥;], while the entries
in subinterval X" require all possible values x; € [x;, ¥;].

A similar interpretation can be applied to the matrix entries. Suppose that each interval of A is
associated either with the universal or with the existential quantifier. We can then split the interval
matrix as A = A” @ A7, where A" is the interval matrix comprising universally quantified coefficients
and A7 concerns existentially quantified coefficients.

Hence, we work with partition N = {N7,N"}, where N7UN" = N x Nand N°N K" = @.
In other words, g?j = E?j = O for each pair (i,j) € N” and in]» = Eyj = O for each (i,j) € N7.

Definition 5. Let A, X be given. Interval vector X is called

e EA-strong eigenvector of A if there is A € A7 such that for any A € A" the vector X is a strong
eigenvector of A% ® AY,

e AE-strong eigenvector of A if for any AY € A" thereis A7 € A7 such that X is a strong eigenvector of
Adg AV,
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6.1. EA-Strong Eigenvector
Theorem 11. Let A, X be given. Then, X is an EA-strong eigenvector of A if and only if

AT e A (VreX)(APp A @xr=x A (AP0 A ) ®x =1

Proof. Suppose that there is A7 € A7 such that (A7 ® A”) ® x = xand (A7 ® ZV) ® x = x hold for
each x € X. By monotonicity of the operations & and ® for an arbitrary matrix AY € A7, we get

r=(AleAex<(A@A)or< (ATBA)®x =1
The reverse implication trivially holds. [J
Theorem 12. Let A, X be given. Then, X is an EA-strong eigenvector of A if and only if
BAT e A (Vie N[(AAaA)ox® =20 A (AFeA") @ x® = 2x0],

n .
Proof. By Lemma 1,ifx; < f; <X;forj € Nthenx = @ B; ® x(/) belongs to X; and if x € X, then we
j=1

n .
can find x; < B; < ¥ forj € N such that x = @ p; ® x(). Then, we have
j=1

(ApA)exr=(A0A) o @Ppiexl) =
iEN
PAPeAY2oxDep =P piox) =z
iEN iEN
Similarly, we can prove the second equality and by Theorem 11 the assertion follows. The reverse
implication trivially holds. O

The last theorem enables us to check the equivalent conditions of Theorem 12 in practice, whereby

(Ao A" @ x) =x() and (A7 @ Zv) @ x() = x() are joined into one system of equalities.

Let A and X be given and N3 = {(i1,1),..., (it, jx) }- We denote the block matrix A € B(2n?,k +
1) and vectors & € B(2n?), « € B(k + 1) as follows

A @ xM) Al @ x(D) Al g1 Al @ x(D) A @ x(1)
Al @ x@ 0 Al @ x@) Al @ x2) 0 Al @ x2) A @ x@
| A ™ A6 @ Al @) Al @) A @ x®
A= Al @ xU Al @ xD A @ x| Al @ x(D Agx(M |’
Alih) @ x(2) Al @ x2) Al2h) @ x@) . Al 9 x2) A x®@
A(iljl)‘® AW @ xm) Al @ (1) Al @ x() A ® x ()

T
F= ( (1) (1) (n) (n) (1) (1) (n) (n)) )

R SRUTERVE. S PP S e S R, S AR &

and

T
= ([xll/'"/“1k1“21/”-/1x2k/‘-'/akl/'”/lxkkllxk-‘rl) ’

where ay, 1 is a variable corresponding to the last column of A.
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Theorem 13. Let A, X be given. Then X is EA-strong eigenvector of A if and only if the system A @ x = ¥

has a solution « such that a;; < wGj < djj and w1 = L.

Proof. The system A ® a = ¥ is solvable if and only if there is a vector a such that

k
@ jj ® A(if) ® x(k) @A@Xk — x(k),
ij=1

k
EB i ® A @ x®) g A @k = x&)
ij=1

k ..
for all k € N with a;; < aj; < @;5 and a1 = I. Put A= B ajj ® Al and by Theorem 12 the
ij=1
assertion holds true. [

Theorem 14. Suppose that we are given a matrix A and interval vector X = [x, X]. The recognition problem of
whether a given interval vector X is EA-strong eigenvector of A is solvable in O(n®) time.

Proof. According to Theorem 13, the recognition problem of whether a given interval vector X is
EA-strong eigenvector of A is equivalent to recognizing if the system A ® « = % has a solution «
with a;; < a;; < @;; and axq = I. The computation of a system A ® y = b needs O(rs - min(r, s))
time (see [18]), where A € B(r,s),b € B(r). Therefore, the computation of such systems is done in
O(n?-n?-n) = O(n°) time. O

6.2. AE-Strong Eigenvector

Denote A% = {AY, Zv}.
Theorem 15. Let A, X be given. Then, X is an AE-strong eigenvector of A if and only if
(VA" € AL)(3A7 e AN)(vxe X) (AT A) @ x = x.

Proof. Suppose that for A" there is B? € A7 such that for all x € X the equality (B @ AY) @ x = x

holds true and for A" there is C? € A7 such that for all x € X the equality (C7 @ AY) @ x = x is
fulfilled. Moreover, assume that x € X is arbitrary but fixed. Then, for any i € N thereisk,] € N such
that the following

(A"eB)®x); = Pla]eby) @ x; = (af, & bz) @ x > (@, & cjy) © xo,
jEN
(g, ©b) ©x0 < (@ ) © 1 = P @} @) @ x; = (47 @ C) @),
jEN
holds for any v € N.
We will prove that for an arbitrary but fixed matrix AY € AY, there is A7 € A7 such that
(AAaA)@x =1
Put A7 := B7. Then, there is r € N such that

(BP& A") @ x); = (aj, & by) ® %,

Consider two cases.
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Case 1. For (i,r) € N7, we get
(@, ®by) @x = af @ x, <T@ x = (@, © ) @ % < (g Dby) © % = x;,

Thus, we have
(A"® B @x); = (al & b2) @ x, < x;.

The reverse inequality follows from the monotonicity of operations
(A"eBH)@x> (A"®BY)®@x =1 (4)
Case 2. For (i,r) € N7, we get
(@l ®bl)@x, =b®@x, = (a), ®bj) @ x, < (A D) @ x = x;.

Because the reverse inequality trivially follows from (4), the equality ((B? @ AY) ® x); = x;
is proven.
The reverse implication is trivial. [

Theorem 16. Let A, X be given. Then, X is AE-strong eigenvector of A if and only if

(VA" € AL)(FAT € A7) (Vk e N) (A7 @ A7) @ ) = (),

n
Proof. By Lemma 1, if x; < B < Xy fork € N, thenx = @ B ® x(®) belongs to X; and if x € X,
k=1

n
then we can find x; < B < X for k € N such that x = @ B @ xX). Then, for any AY € AZ there is
k=1
A7 € A7 such that for and fixed x € X we have

(A oA oxr=(A0A)e P pex® =
keN

@(AH@AV)@)x(k)@ﬁk: @x(k)®,3k= EB,Bk(X)x(k) =x

ieEN keN keN

and by Theorem 15 the implication follows. The reverse implication trivially holds true. O
Let A and X be given and N7 = {(i1, j1),..., (it, jx) }. For each A" € A% and v € N, we denote
the block matrix C(A¥,v) € B(n,k+1) and a € B(k + 1) as follows
C(AY,v) = ( Al @ x@ Al @ x(@) ARl g x@ o Al @ x@) A @ x(©) ),
and
T
o= (0‘11,- s Qs A2, e XDk - DR - --,“kk/lxk+1) /

where ;. ; is a variable corresponding to the last column of C(AY, ).

Theorem 17. Let A, X be given. Then, X is an AE-strong eigenvector of A if and only if each A” € A} and
foreach v € N the system C(AV, V) Qa = x(©) has a solution a such that ajj <a; <aj and ag,q = 1.

Proof. Suppose thatv € N and A” € Al are fixed. The system C(A",v) ® a = x(®) is solvable if and
only if there is a vector « such that

k
@ i ® Al ® x© @A("s) @ x? = x©
ij=1
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k .
with a; < <0 and ay; = I. Put A= ij ® Al and by Theorem 16 the assertion
ij=1
holds true. [

Theorem 18. Let A, X be given. The recognition problem of whether a given interval vector X is an AE-strong
eigenvector of A is solvable in O(n) time.

Proof. According to Theorem 17, the recognition problem of whether a given interval vector X is an
AE-strong eigenvector of A is equivalent to recognizing if the system C(A",v) ® & = x(*) has a solution
a with a;; < a;; < a;; and agq = I. The computation of a system A ® y = b needs O(rs - min(r,s))
time (see [18]), where A € B(r,s),b € B(r). Therefore, the computation of such systems is done in
n-0O(n-n?-n) =0(n®) time. O

7. Conclusions

In this paper, we have presented the properties of steady states in max-min discrete event systems.
This concept, in connection with inexact entries and its exists/forall quantification, represents an
alternating version to fuzzy discrete events systems which are using vectors and matrices with entries
between 0 and 1, and are describing uncertain and vague values. The practical significance of this
approach is that some elements of the vector X and the matrix A are taken into account for all values
of the interval (corresponding to A-index), and some of them are only considered for at least one value
(corresponding to E-index).

The concept of various types of the strong EA/AE-eigenvectors and the EA/AE-strong
eigenvectors have been studied. In addition, their characterizations by equivalent conditions are given.
All findings have been formally analyzed with a target to estimate the computational complexity of
checking the obtained equivalent conditions. The results have been illustrated by an application of the
obtained methodology on a numerical example.

The investigation of AE/EA concepts for steady state of discrete events systems with interval
data has brought new efficient equivalent conditions. There is a good reason to continue the study
of exists/forall quantification method for tolerable, universal and weak eigenvectors which are still
unexplored and stay open for future research.
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Appendix A

The idea of EA/AE-splitting the interval vector (matrix) X (A) in the form X T X7 (A7 AY),
can be considered simultaneously using partitions N = {N7,N"} and N = {N7, N"}. By combining
both approaches, the following four notions can be defined.

Definition Al. Let A, X be given. Then X is called

e an EA-strong EA-eigenvector of A if there is A7 € A7 such that for each AY € AY interval vector X is
an EA-eigenvector of A3 @ A,

e an EA-strong AE-eigenvector of A if there is A7 € A such that for each AY € A interval vector X is
an AE-eigenvector of A3 @ A,

e an AE-strong EA-eigenvector of A if for each AY € A there is A> € A7 such that interval vector X is
an EA-eigenvector of A3 ® A,
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e an AE-strong AE-eigenvector of A if for each AY € A" there is A € A7 such that interval vector X is
an AE-eigenvector of A7 @ AY.

Every of these notions can be characterized in a similar way as that used in the previous two
sections: Theorems 11 and 12, or Theorems 15 and 16.

For the sake of brevity, only the first notion will be discussed here. The remaining cases
are analogous.

Theorem Al. Let A, X be given. Then, interval vector X is an EA strong EA-eigenvector of A if and only if
(AAT e ANEFF e XH(Vr" e X [(A7pA) @ (P @x") = (@ x")A
(AMed) o ex’)= (" ax")

Proof. (<) The assertion follows from the monotonicity of the operations; that is,
Poxr=(APcA)e(xox)<(AleAY) e (P exY) <
(AloAd)e(xex")=xox"

The converse implication is trivial. [
Theorem A2. Let A, X be given. Then, interval vector X is an EA strong EA-eigenvector of A if and only if
(3A7 e AN (A e X)) (VaW) e XV) [(AP @A) @ (¥ @ xW)) =
(xa ® x(k)) A (AH PA)® (xa ® x(k)) _ (xa o x(k))]'
Proof. This assertion follows from Theorem 1 and Theorem Al. [

Remark Al. In view of Theorem A2, the verification of whether or not X is an EA-strong EA-eigenvector of
A requires us to find a vector x> € X7 and a matrix A> € A7 satisfying some two—sided max—min quadratic
systems. This recognition problem and the analogous problems for remaining cases in Definition A1 have not
been studied in this paper.
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