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Abstract In this work, we explore a Schwarzschild-like
black hole within the framework of metric-affine bumblebee
gravity. First, we investigate the behavior of the Kretschmann
scalar and singularities in this modified gravity approach.
Next, we introduce a newly defined time coordinate related
to a stationary asymptotically flat spacetime. We also analyze
the scattering effects and numerically calculate and compre-
hensively examine the partial and total absorption cross sec-
tions. At the high-frequency approximation, we find that the
absorption cross section tends to the geodesic capture cross
section. The continued fraction method is applied to investi-
gate the quasinormal modes, and we explore the deviations of
both the real and imaginary terms of the quasinormal modes
from the Schwarzschild case in detail. We verify the relation
between the shadow radius and the real part of the quasi-
normal frequencies at the eikonal limit within this modified
gravity framework. Finally, we examine the energy emission
rate.

1 Introduction

Lorentz symmetry, based on the principles of Special Relativ-
ity, is fundamental for ensuring observational equivalence. It
ensures that physical laws remain consistent for all observers
in inertial frames. This symmetry, involving both rotational
and boost aspects, is essential in general relativity and the
standard model of particle physics. In curved spacetimes,
Lorentz symmetry appears locally, reflecting the Lorentzian
nature of the background. However, when inertial frame con-
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ditions are not met, subtle dependencies on direction or veloc-
ity arise, altering the dynamics of particles and waves [1–7].

Processes of symmetry breaking consistently reveal intrigu-
ing consequences and often signal new physical phenom-
ena. Specifically, Lorentz symmetry breaking (LSB) leads to
a variety of distinctive features [8–10], providing valuable
insights into quantum gravity [11]. Numerous theoretical
models operate on the assumption of Lorentz invariance vio-
lation, including closed string theories [12–16], loop quan-
tum gravity [17,18], noncommutative spacetimes [19,20],
non-local gravity models [21,22], spacetime foam mod-
els [23,24], and (chiral) field theories on spacetimes with
nontrivial topologies [25–28], along with Hořava-Lifshitz
gravity [29] and cosmology [30,31].

Exploring thermal radiation within the context of Lorentz
symmetry breaking (LSB) provides valuable insights into
the characteristics of the primordial Universe. This per-
spective is based on the observation that, during this early
stage, the size of the Universe matches the characteristic
scales of Lorentz violation [32]. The investigation into the
thermal properties related to LSB was initially proposed
in [33]. Since then, numerous studies have examined var-
ious scenarios, including linearized gravity [34], Pospelov
and Myers–Pospelov electrodynamics [35,36], CPT-even
and CPT-odd LV terms [37–40], higher-dimensional oper-
ators [41,42], bouncing universe models [43], rainbow grav-
ity [44], and Einstein-aether theory [45]. These studies col-
lectively enhance our understanding of the thermal implica-
tions of LSB within various theoretical frameworks. More-
over, integrating Lorentz symmetry breaking into gravita-
tional frameworks presents unique challenges distinct from
incorporating Lorentz violation (LV) extensions in non-
gravitational field theories. In flat spacetimes, additive LV
terms, such as the Carroll–Field–Jackiw [46] and aether
terms [47,48], can be introduced seamlessly. For a com-
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prehensive approach encompassing all possible LV minimal
couplings, refer to [49].

The Standard Model Extension (SME), encompassing
its gravitational sector, stands as a concise and inclu-
sive framework that comprehensively addresses all poten-
tial coefficients for Lorentz/CPT violation [50–57]. Specifi-
cally, within its gravitational realm, the SME operates on a
Riemann–Cartan manifold, dynamically considering torsion
as a geometric quantity alongside the metric. Although there
is room to introduce non-Riemannian terms in the gravity
SME sector, current research has predominantly emphasized
the metric approach to gravity, where the metric serves as the
singular dynamical geometric field.

In this context, significant efforts have focused on deriv-
ing exact solutions for various models that incorporate
Lorentz symmetry breaking (LSB) within curved space-
times. Notable examples include studies on bumblebee grav-
ity using the metric approach [58–68], the Einstein-aether
model [69], parity-violating models [70–75], and Chern–
Simons modified gravity [76–78]. Experimental tests have
also been conducted to detect signals of LSB in the weak
field regime of gravitational fields, with Solar System exper-
iments being particularly notable [79–81]. The recent detec-
tion of gravitational waves by the LIGO/VIRGO collabo-
ration [82], enabled by advancements in technology, has
opened a new window for investigating the strong field
regime of gravity. This development offers a powerful tool for
exploring the complex properties of compact objects, such
as black holes, whose shadows have already been captured
in images [83,84].

While many studies explore modified theories of grav-
ity using the traditional metric approach, there is increasing
interest in more versatile geometrical frameworks. Notably,
examining theories of gravity within a Riemann–Cartan
background offers specific advantages, such as the induction
of gravitational topological terms [85]. Another intriguing
non-Riemannian geometry is Finsler geometry [86], which
has been extensively linked to Lorentz symmetry breaking
(LSB) in various studies [87–91].

The metric-affine (Palatini) formalism offers a notable
generalization of the metric approach by treating the met-
ric and connection as independent dynamical quantities
(for detailed exploration and findings within the Palatini
approach, see [92,93]). Despite advancements in this frame-
work, Lorentz symmetry breaking has remained relatively
unexplored. However, recent efforts have begun to address
this gap, particularly in the context of bumblebee gravity sce-
narios [94–96]. These studies have led to the derivation of
field equations, generic solutions, and an examination of sta-
bility conditions and associated dispersion relations for vari-
ous matter sources within the weak field and post-Newtonian
limits.

On the quantum front, the divergent part of one-loop cor-
rections to the spinor effective action has been computed
using two distinct methods: the diagrammatic method in the
weak gravity regime and the Barvinsky–Vilkovisky tech-
nique on a broader scale. A significant breakthrough has
been the discovery of exact Schwarzschild-like [97] and
Kerr-like [98] solutions, allowing for estimations of the
Lorentz violation parameter from classical gravitational tests.
Additionally, comprehensive studies have recently been con-
ducted on the shadow and quasinormal modes of these black
holes [99–102].

Although many studies concerning the metric from Ref. [97]
have been conducted, several aspects remain unexplored,
leaving gaps in the literature. This research addresses these
gaps by investigating the behavior of the Kretschmann scalar
and singularities within this modified gravity framework. A
newly defined time coordinate for a stationary asymptoti-
cally flat spacetime is introduced. Scattering effects are ana-
lyzed, and both the partial and total absorption cross sections
are numerically calculated and thoroughly examined. In the
high-frequency approximation, the absorption cross section
approaches the geodesic capture cross section. The continued
fraction method is used to investigate the quasinormal modes,
providing detailed deviations of both the real and imaginary
components from the Schwarzschild case. The correlation
between the shadow radius and the real part of the quasinor-
mal frequencies at the eikonal limit is verified. Finally, the
energy emission rate is also examined.

This work is organized as follows: In Sect. 2, the
Kretschmann scalar is investigated. Section 3 explores the
partial wave function and considers the impact of the bum-
blebee parameter on the effective potential. Section 4 ana-
lyzes the partial and total absorption cross sections through
numerical calculations. The greybody bound is calculated in
Sect. 5. The effect of bumblebee spacetime on the quasinor-
mal modes is examined using Leaver’s continued fraction
method in Sect. 7, where the correspondence between quasi-
normal modes and the shadow radius is also discussed. The
energy emission rate is explored in Sect. 8. Finally, conclud-
ing remarks are provided in Sect. 9.

2 General panorama

The metric derived in [97] characterizes a non-rotating black
hole with incorporated Lorentz symmetry breaking effects.
The form of the metric was demonstrated to exhibit

ds2
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where X = ξb2 serves as the Lorentz violation coefficient
shorthand, previous studies on this black hole have addressed
various aspects, such as quasinormal modes, Hawking radi-
ation [100] and accretion disk[103]. It is important to men-
tion that, within the asymptotic limit, the time components
of the metric read: limr→∞ gtt = 1√(

1+ 3X
4

)(
1− X

4

) . Given

that X is a constant, we can perform a coordinate rescal-

ing of t as follows:
[(

1 + 3X
4

) (
1 − X

4

)]−1/4
t → t̃ , where t̃

will be the time related to a stationary asymptotic observer.
For the sake of convenience, let us define f (r) ≡ 1 − 2M

r ,

α ≡ 1√(
1+ 3X

4

)(
1− X

4

) , β ≡
√√
√√

(
1+ 3X

4

)

(
1− X

4

)3 . In other words, we

work with the following line element

ds̃2 = − f (r)dt̃2 + β

f (r)
dr2 +r2

(
dθ2 + sin2 θdφ2

)
. (2.2)

2.1 Kretschmann scalar

In order to analyze the behavior of the spacetime previously
introduced, the Kretschmann scalar is discussed. In this man-
ner, it reads

K = RμνγλR
μνγλ. (2.3)

Here, Rμνγλ is the Reinmann tensor components, which fol-
lows

K = 4
(
12M2 + 4(β − 1)Mr + (β − 1)2r2

)

β2r6 . (2.4)

By considering X = 0 (β = 1), the Kretschmann scalar
approaches to 48M2

r6 , representing expected expression for a
Schwarzschild black hole, as one can naturally verify. Such
a scalar versus radius r is plotted for some values of param-
eter X in Fig. 1. The plots depict that the asymptotic behav-
ior of the metric is the same as the Schwarzschild space-
time. To examine the existence of a possible singularity, we
set Eq. (2.4) to be zero so that r = − 2 M

(β−1)
(1 ± i

√
2) =

−2 M(1±i
√

2)(

√(
1 + 3X

4

) (
1 − X

4

)−3 − 1)−1. This means
that the Kretschmann scalar will be zero only on a complex
radius (non-physical) exists. Therefore, K possess a singu-
larity in r = 0 only, analogous to the Schwarzschild black
hole.

3 Partial wave equation

In this section, the partial wave equation will be explored to
find the scalar filed quasinormal modes.

Fig. 1 Illustration of the Kretschmann scalar against the radius r . The
plot is obtained for M = 1

Now, let us consider the Klein–Gordon equation in curved
spacetime introduced in Eq. (2.2) as

1√−g
∂μ(

√−ggμν∂ν�) = 0, (3.1)

and applying the separation of variables, we have

�ωlm(r, t) = ψωl(r)

r
Ylm(θ, ϕ)e−iωt̃ . (3.2)

In a general form of spherically symmetric spacetime as
ds2 = −gttdt̃2 + grrdr2 + r2d�2, we can define the tor-
toise coordinate

dr∗ = dr
√

|gtt |g−1
rr

= √
β

dr

f (r)
, (3.3)

so that the Klein–Gordon equation can be reduced to a
Schrödinger-like wave function

[
d2

dr∗2 + (ω2 − Vef f )

]
ψωl(r) = 0, (3.4)

where the Vef f is the effective potential and its explicit form
is give below

Vef f = |gtt |
[
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r2 + 1

r
√|gtt |grr
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⎤
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For the sake of providing a better comprehension to the
reader, Vef f against the tortoise coordinate is represented
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Fig. 2 The effective potential is shown for M = 0.5, l = 1 and differ-
ent values of X

in Fig. 2 for some values of parameter X , i.e., including
the Schwarzschild case (X = 0). Notice that parameter X
impacts the height of effective potential; for higher values of
bumblebee parameter X , the barrier of Vef f decreases.

4 Absorption cross section

As shown in Fig. 2, the scalar field’s effective potential is
localized, vanishing at both limits of r∗ which correspond to
the horizon and infinity. Considering its characteristics, the
asymptotic behavior of the radial wavefunction is expected
to be purely incoming at the event horizon and composition
of ingoing and outgoing waves at spatial infinity and can be
described as the following boundary conditions [104,105]

ψωl ≈
{
Tωl R1, for r∗ → +rh (r → −∞)

R2 + Rωl R∗
2 , for r∗ → +∞ (r → ∞)

(4.1)

where |Rl |2 and |Tl |2 are the reflection and transmission
coefficients, respectively. Due to the flux conservation, this
relation |Rl |2 + |Tl |2 = 1 is satisfied. Moreover, R1 and R2

can be written as [106]

R1 = e−iωr∗
N∑

j=0

(r − rh)
j A( j)

rh , (4.2)

R2 = e−iωr∗
N∑

j=0

A( j)∞
r j

. (4.3)

To find the coefficients A( j)∞ and A( j)
rh , it is necessary to require

that the functions R1 and R2 satisfy the differential equation
in Eq. (3.4) when far from the black hole and close to the

event horizon, respectively. The phase shift δωl is defined
as [107]

e2iδωl = (−1)l+1Rωl . (4.4)

To obtain the phase shifts for computing the absorption cross-
section, we followed the numerical method discussed in
Ref. [108] to solve the radial equation (3.4). We have consid-
ered Eqs. (4.2) and (4.3) and evaluated the series at 10th order
(N = 10). Started from near the horizon at r

rh
− 1 = 10−3

into the asymptotically flat region at r ∼ 200rh , we matched
the numerical solution onto the boundary conditions in Eq.
(4.1).

The total absorption cross section can be written as σabs =∑∞
l=0 σ l

abs , where σl is the partial absorption cross, being
described by [108]

σ l
abs = π

ω2 (2l + 1)(1 −
∣∣
∣e2iδωl

∣∣
∣
2
). (4.5)

By applying Eq. (4.4) and the relation of flux conservation,

we arrive at
∣
∣e2iδωl

∣
∣2 = 1−|Rωl |2 = |Tωl |2 [109]; moreover,

due to the asymptotic form of the metric, we have that the
plane wave is ∝ e−iω

√
βr . This makes the absorption cross

section have an extra factor β and can be written as

σabs = π

βω2

∞∑

l=0

(2l + 1)|Tωl |2, (4.6)

where |Tωl |2 is transmission coefficient called greybody fac-
tor. The partial absorption cross sections for different values
of X can be calculated by applying the numerical transmis-
sion coefficients into Eq. (4.5).

Figure 3 demonstrates the partial absorption cross sec-
tions for X = 0.4, 0.8, and 1.2 and also the Schwarzschild
case X = 0. For low frequencies, we see that in all cases
the absorption cross section goes to the BH event horizon
area [110,111]. Naturally, the partial absorption goes up as
the parameter X increases. These results align with the behav-
ior of effective potential in Fig. 2, as we expect when the
height of effective potential decreases with a higher value
of X , the absorption cross-section goes up by the observer.
Figure 4 shows the total absorption cross section obtained by
adding up the l modes from l = 0 to l = 6. We can notice
that the first peak (l = 0) in Fig. 4 undergoes significant
changes for different values of X while for higher values of
l, the peaks remain almost unchanged.

4.1 High frequency regime

This section will investigate the high-frequency limit of
absorption cross section, also called geometric cross section
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Fig. 3 Partial absorption cross sections for l = 0, 1, 2 and different
choices of parameter X

Fig. 4 Total absorption cross sections up to l = 6 for different choices
of parameter X . The geometric cross section is represented by dashed
horizontal lines

σgeo. Due to the scaling of the radial coordinate with β, we
obtain

σgeo = πb2
c

β
, (4.7)

where bc is the critical impact parameter of the light ray
incoming close to the black hole vicinity. To find this param-
eter, we need to explore the null geodesics, which has been
done in our previous work [97,101]. In summary, the light
ray’s equation of motion is found from Lagrangian 2L =
− f (r)ṫ2 + f (r)−1βṙ2 + r2φ̇2 = 0. By considering two
constants of motion energy E and angular momentum L , we
arrive at the equation of motion for light ray

βṙ2 + Ṽe f f = 0, (4.8)

where the effective potential is given by

Ṽe f f = E2 − f (r)

r2 L2. (4.9)

The light-like circular orbit, denoted by r = rc, can be
obtained by computing the expression

Ṽe f f = 0, (4.10)

dṼe f f
dr

= 0. (4.11)

Each equation leads to the following expressions for critical
orbits, respectively.

2 f (rc) − rc f
′(rc) = 0, (4.12)

bc = r2
c

f (rc)
, (4.13)

where we have defined b = L/E . We note here that, since
the lapse function f (r) is the same as in the Schwarzschild
spacetime, there are no changes in the values of rc and bc,
being given by 3M and 3

√
3M , respectively. Nonetheless,

due to the changes in the scaling factor, the geometrical cross-
section is given by Eq. (4.7), which results in σgeo = σGR/β.

In Fig. 4, the graph shows the total absorption cross sec-
tion up to l = 6 for various values of X . According to the
high frequency approximation, the absorption cross section
should approach the geometrical cross section. The dotted
horizontal lines in Fig. 4 represent the geometrical cross sec-
tion. It is notable that as the frequency increases, it tends
to the same value as the geometrical cross section, which is
σgeo.

5 Greybody factor

Another crucial aspect of the scattering is the quantity related
to the spectrum observed by an observer at infinity. The trans-
mission amplitude, called the greybody factor can determine
the probability of the Hawking radiation that reaches spa-
tial infinity. Different methods are developed to calculate
the greybody factor. The WKB method has been applied in
Ref. [101] to investigate the effect of the bumblebee gravity
parameter on the greybody factor. We utilize another method
introduced in Refs. [112–114]. In this approach a general
semi-analytical bound for the greybody factor is given by

Tb ≥ sech2

⎛

⎝
+∞∫

−∞
Gdr∗

⎞

⎠ , (5.1)

G =
√

(h′)2 + (ω2 − Vef f − h2)
2

2h
. (5.2)
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Fig. 5 The representation of the greybody factors as a function of ω

for different values of Lorentz-violating parameter X

Here h is a positive function that satisfies the conditions
h(r∗) > 1 and h(−∞) = h(+∞) = ω. Substituting the
h(r), the effective potential from Eq. (3.5) we arrive at

Tb ≥ sech

⎛

⎝ 1

2ω

⎛

⎝l(l + 1) +
√(

1 − X
4

)3

2
√

1 + 3X
4

⎞

⎠

⎞

⎠

2

. (5.3)

Figure 5 illustrate that the greybody bound value is zero
when the frequency is at its minimum and becomes 1 when
the frequency is high enough.

This implies that when the frequency is at a lower level,
the reflected wave is total. However, as the frequency rises,
a part of the wave can pass through the potential barrier due
to the tunneling effect. When the frequency reaches a cer-
tain critical value, the wave is no longer reflected. Addi-
tionally, it is noticeable that the greybody bound increases
with larger values of X . Therefore, when X �= 0, due to the
bumblebee gravity effects, the incident wave experiences sig-
nificant scattering rather than the case of the Schwarzschild
black hole. As the value of X increases, the potential barrier’s
height decreases, which in turn, enables a higher probability
of transmission to the incident wave.

6 The black hole evaporation

To complement our previous findings, this section examines
the evaporation process and estimates the lifetime of the bum-
blebee black hole within the metric-affine formalism, with
a focus on assessing the influence of the Lorentz-violating
parameter X . Furthermore, we compare these results with
the Schwarzschild case to highlight the deviations between
the two models.

As demonstrated in Ref. [101], the Hawking temperature
is expressed as follows

T = 1

8πM
− X

16(πM)
.

An important aspect that deserves attention is the black
hole’s lifetime. To examine this, we express

dM

dτ
= −ασaT 4. (6.1)

In this context, a refers to the radiation constant, σ stands
for the cross-sectional area, and α is the greybody factor.
Within the framework of the geometric optics approximation,
σ equates to the photon capture cross section [101]

σ = 27M2

√(
3X

4
+ 1

)(
1 − X

4

)
, (6.2)

so that

dM

dτ
= −27γ (X − 2)4√−((X − 4)(3X + 4))

262144π4M2 (6.3)

where γ = aα. Thereby, it reads

∫ tevap

0
ϒdτ

= −
∫ M f

Mi

[
−27γ (X − 2)4√−((X − 4)(3X + 4))

262144π4M2

]−1

dM.

(6.4)

In this expression, Mi and M f represents the initial and final
mass configurations, while tevap signifies the time associated
with the final stage of the evaporation process. Notably, this
integral can be evaluated analytically, as shown below

tevap =
262144π4

(
M3

i − M3
f

)

81γ (X − 2)4
√−((X − 4)(3X + 4))

, (6.5)

and considering the limit limX→0 tevap, we obtain the evap-
oration lifetime to the Schwarzschild black hole

tevapSchw =
4096π4

(
Mi3 − M3

f

)

81γ
. (6.6)

To provide an astrophysical context for tevap, we consider
the initial mass Mi of the black hole to be that of Sagittar-
ius A∗ (Sgr A∗), with γ ≈ 1. When the black hole reaches
its final stage, it is assumed to evaporate completely, since
that, to our case, there is no remnant mass involved, i.e.,
M f = 0. The mass of Sgr A∗ is approximately 4.1 × 106

solar masses [115], where M
 = 1.98847×1030 kg, and we
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Fig. 6 The time of the black hole evaporation for different values of
X . The Schwarzschild case is also compared

assume the Lorentz-violating parameter satisfies X < 7.4 ×
10−12 [97]. Thus, Mi = 4.1 × 106 × 1.98847 × 1030 kg =
8.154727 × 1036 kg. This results in an evaporation time of
approximately tevap ≈ 4.19 × 1092 seconds + tevap(O(X)).
It is important to note that in this case, the effects of Lorentz
violation, encoded by X , are so small that the evaporation
time is practically identical to that of the Schwarzschild case.
Nevertheless, we present Fig. 6 to facilitate a clearer interpre-
tation of the effects of Lorentz violation on the evaporation
process, using natural units in this context. In general lines, as
X increases, the magnitude of tevap correspondingly grows.

7 Quasinormal modes

7.1 The scaling of spherical modes and long-living modes

One of the most accurate methods to compute the quasinor-
mal modes relies on a recursive expansion that leads to a
continued fraction (CF) expression. In BHs, this method was
due to Leaver [116], and extended later on to many different
cases and scenarios [117]. In this section, we show how to
apply the CF method in our case and display some results
concerning the scalar QNMs. We have compared the results
of this section against a direct integration method obtaining
good agreement for the fundamental mode.

We start by writing an series expression for the scalar field
that satisfies both boundary conditions required in the QNM
computation. Therefore, we have

ψ(r) =
( r

2M
− 1

)ρ ( r

2M

)−2ρ

exp[−ρ(r/2M − 1)]

×
N∑

n=0

an

(
r − 2M

r

)n

, (7.1)

where ρ = −i
√

βω. By inserting the above expansion in
the scalar field differential equation, we find the following

three-term recurrence relation

αnan+1 + βnan + γnan−1 = 0, with n ≥ 1, (7.2)

α0a1 + β0a0 = 0, (7.3)

where

αn = (n + 1)
(
−4i

√
βMω + n + 1

)
, (7.4)

σn = 32βM2ω2 + 8i
√

βMω + 16i
√

βMnω

− 2n(n + 1) − βl(l + 1) − 1, (7.5)

γn =
(
n − 4i

√
βMω

)2
. (7.6)

We can solve the above recurrence relation, leading to the
following algebraic equation

σ0

α0
− γ1

σ1 − α1γ2

σ2− α2γ3
σ3−...

= 0, (7.7)

which is satisfied for given values of ω corresponding to the
QNM frequencies. Note that the above expression must be
truncated at a high enough value of N to ensure the numerical
accuracy of the modes. In our case, we consider N = O(103),
but the exact number depends on the value of X .

Using the above mentioned procedure, we computed the
fundamental scalar perturbations and the first two overtones
QNMs. One way to parameterize the departure from GR is
with the normalized deviation, i.e.,

δ = ωR,I

ωR,I |GR
− 1, (7.8)

where ωR,I |GR is the standard mode for the Schwarzschild
case. We shall use this definition to investigate some of the
behavior of the modes.

Before entering in details, it is worth to note that the l = 0
case can be computed analytically, in terms of the GR mode.
Given the expression for the scalar field equation, plunging
l = 0 we find that the GR case can be recovered by making
the rescaling ω → ω/β1/2. Therefore, the l = 0 QNM are
given by

ω = β−1/2ωGR (l = 0). (7.9)

Therefore, as β → ∞ (X → 4), we have that both real
and imaginary part of the l = 0 modes – fundamental and
overtones – goes to zero in this limit. We have also checked
the above against numerical computation, obtaining excellent
agreement.

For higher l’s, there is no clear correspondence between
the GR and bumblebee modes; therefore, they must be com-
puted numerically. By computing the modes through the CF
expression (7.7), we found a non-trivial dependence of the
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Fig. 7 Normalized deviation from expression (7.10) of the imaginary part of the modes as a function of X , considering l = 1, 2, 3 up to the second
overtone. Deviations from Eq. (7.10) are more evident for higher overtones (left panel) and lower l (right panel)

Fig. 8 Normalized deviation from GR of the real part of the modes as function of X

real part as a function of X . Despite this, we still find (numer-
ically) that the imaginary part for all l and the first overtones
behave approximately as

ωI ≈ β−1/2ωI |GR . (7.10)

In Fig. 7 we show the normalized deviation of the numerically
computed imaginary part against (7.10) for the l = 0, 1, 2,
considering n = 0, 1, 2. We see that deviations from (7.10)
are more evident for lower l and higher n. In the cases dis-
played in Fig. 7, we see deviations of up to ∼ 10%. This indi-
cates the existence of long-living modes in the limit β → ∞
(X → 4). For the real part, as mentioned above, there is no
clear evident pattern for the behavior of the modes as a func-
tion of X . In Fig. 8 we show the deviation of the real part of
the modes as function of X for n = 0, 1, 2 para l = 1, 2, 3.
We see that while for n = 0 the mode decreases as compared
to GR, the n = 1 behavior depends on l, and for n = 2 the
frequency increases. Note that the bigger deviations occur,
once again, for higher overtones and lower l.

7.2 Relation between shadow radius and quasinormal mode

As discussed in previous sections, quasinormal modes are
characterized by a complex number ω = ωR − iωI . Initially,

it was shown that the real and imaginary parts of the QNMs
are related to the angular velocity and Lyapunov exponent of
unstable circular null geodesics by Cardoso et al. [118]

ω = l� − i(n + 1

2
)|λ|. (7.11)

where � and λ denote the the angular velocity and Lya-
punov exponent of the photon sphere, respectively. Also, n
is the overtone number and l is the angular quantum number
called multipole number. Then, a connection between black
hole quasinormal modes in the eikonal limit and lensing in
the strong deflection limit has been discussed by Stefanoc et
al. [119–121]. Following these results, Jusufi [122–124] has
pointed out that the real part of QNMs has an inverse relation
with the shadow radius as

ωR = lim
l�1

l

Rsh
. (7.12)

The inverse relation between shadow radius and the real
part of quasinormal mode is valid for the static spherical
spacetime and accurate for the eikonal limit l � 1 and, in
Ref. [125], Eq. (7.12) has been improved to the sub-leading
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Fig. 9 The Dots show the values of ωR
(
l + 1

2

)−1
and dashed lines

indicate the inverse of shadow radius (R−1
sh ). Sixth-order WKB method

applied to calculate ωR for M = 1 and n = 1

regime to half of its value as

ωR = lim
l�1

l + 1
2

Rsh
. (7.13)

This relation has been investigated for various black
holes [123,126]. Following [127],the critical radius can be
obtained by solving the Eq. (4.12), and the critical radius will
be rc = 3M . Now, by considering the observer radius to be
infinity, the shadow radius can be found by

Rsh =
√

rc2

f (rc)
, (7.14)

which leads to Rsh = 3
√

3M for the related spacetime in
Eq. (2.2). The real part of the quasinormal frequencies for
eikonal limits are obtained based on 6th-order WKB method.
In Fig. 9, the real part of QNMs divided by l + 1

2 plotted
against the multipole values in the range of 1 < l < 120. The
inverse of the shadow radius is shown by dashed lines. This
plot illustrates that with increasing multipole values, there
is a convergence of quasinormal frequency values towards
the inverse of the shadow radius which is expected from Eq.
(7.11)

8 Emission rate

The inside of black holes experiences quantum fluctuations
that result in the creation and annihilation of numerous par-
ticles near the horizon. Particles with positive energy can
escape from the black hole through a process called tunnel-
ing. This causes the black hole to gradually evaporate over

Fig. 10 The behavior of energy emission rate against the frequency,
for M = 1

time, a phenomenon known as Hawking radiation. From the
perspective of a distant observer, the black hole shadow rep-
resents a high-energy absorption cross-section, which has
been shown to be around a constant value σlim , and follow-
ing Refs. [128,129] the energy emission rates can be obtained
as

d2E

dωdt
= 2π2σlim

e
ω
TH − 1

ω3, (8.1)

where ω denotes the frequency of a photon, and TH symbol-
izes the Hawking temperature. The limiting constant value
σlim connected to the shadow radius as σlim ≈ πR2

sh. Substi-
tuting the shadow radius in Eq. (7.14) and Hawking temper-
ature, the rate of energy emission is investigated for various
values of the bumblebee parameter.

In Fig. 10, the energy emission rate against the frequency
is represented for M = 1 and different values of the X .
It can be observed that the bigger values of X conduct a
lower emission rate and shift the maximum of plots to a
smaller frequency. This indicates that the higher bumblebee
parameter corresponds to the slower evaporation process in
the black hole.

9 Conclusion

In this work, we sought a better understanding of the
unique characteristics and consequences of Schwarzschild-
like black holes within the framework of metric-affine bum-
blebee gravity. We showed that, similar to the Schwarzschild
black hole, the Kretschmann scalar is singular only in r = 0.
We investigate wave-like phenomena using a test scalar field.

We computed the absorption cross-section using numeri-
cal partial wave computations, showing that the value goes to
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the horizon area for low frequencies. For higher frequencies,
we showed that the capture cross-section for null geodesics
with a scaling factor agrees with the partial wave analysis.

The greybody bound has been investigated and it was dis-
covered that the greybody bound increases with larger X .
Consequently, propagating waves can greatly pass through
the potential barrier for bumblebee spacetime with large X .

By using a continued fraction expansion for the scalar
field, we were able to compute the quasinormal mode fre-
quencies in a wide range of the parameter space, showing
some characteristics of bumblebee black holes, such as the
possibility of having low imaginary modes, which ring longer
in dynamical scenarios.

Then by exploring the eikonal limit, we noted that the
correspondence between the real part of QNMs and the
shadow radius is also satisfied in this modified gravity theo-
rem. Finally, through analysis of the energy emission rate, we
have discovered that the bumblebee metric affine parameter
has a diminishing effect on the emission rate, demonstrat-
ing that a larger bumblebee parameter will result in a slower
evaporation process for the black hole in this framework.
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lation, nambu-goldstone modes, and gravity. Physical Review
D-Particles, Fields, Gravitation, and Cosmology 71(6), 065008
(2005)

54. Robert Bluhm, Shu-Hong. Fung, V. Alan Kosteleckỳ, Sponta-
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