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In this paper, we present a new type of approximation of a second-order elliptic operator
in a planar domain with a point interaction. It is of a geometric nature that the approxi-
mating family consists of operators with the same symbol and regular coefficients on the
domain with a small hole. At the boundary of it, Robin condition is imposed with the
coefficient which depends on the linear size of a hole. We show that as the hole shrinks
to a point and the parameter in the boundary condition is scaled in a suitable way,
nonlinear and singular, the indicated family converges in the norm-resolvent sense to
the operator with the point interaction. This resolvent convergence is established with
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respect to several operator norms and order-sharp estimates of the convergence rates
are provided.

Keywords: Singular Schrédinger operator; point interaction; norm resolvent convergence;
small hole; Robin condition.
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1. Introduction

Operators with singular, point-like perturbations attracted attention in the early
days of quantum mechanics as idealized models for Hamiltonians of systems in
which the interaction is concentrated in a small area [12]. The advantage of such
an idealized description is that one can simplify considerably spectral analysis of
such operators. From the mathematical point of view, point interactions are easy to
deal with in the case of ordinary differential operators where they are described by
appropriate boundary conditions. In the practically important cases of dimensions
2 and 3, the question is more difficult, however, and it took time before Berezin
and Faddeev [3] showed how to describe these operators in terms of self-adjoint
extensions. In the recent decades, point interactions were a subject of an intense
interest; we refer to the monograph [I] for the presentation of the theory and an
extensive bibliography.

The key thing in application of the point interaction models is to understand
how they can be approximated by operators with regular coefficients. This is again
easy in case of the ordinary differential operators® describing systems in one spatial
dimension, where such an interaction is the limit of naturally scaled potentials.
In dimensions 2 and 3, the procedure is much more subtle because scaling of the
coeflicients leads generically to a trivial result. One has to use a particular way of
nonlinear scaling starting from the situation when the initial operator has a spectral
singularity at the threshold of the continuous spectrum; a physicist would speak
about a particular way of “coupling constant renormalization”.

With the importance of the point interaction models in mind, it would be cer-
tainly useful to have approximations other than the standard one mentioned above
and described in [Il Secs. I.1 and 1.5]. The aim of this paper is to present an alterna-
tive approximation to two-dimensional point interactions, which is of a geometric
nature. It employs families of operators with the same differential expression as
the unperturbed one but restricted to the exterior of a small hole containing the
support of the point interaction; at the boundary of the hole we impose Robin
boundary condition with a coefficient depending in a singular way on a parameter
characterizing the linear size of the hole. Shrinking the hole and scaling properly the
parameter in the boundary condition, we obtain an operator family that converges,
in the norm-resolvent sense, to an operator with a point interaction in the domain

2This claim applies to the so-called § potentials, there are more singular point interactions in one
dimension for which the approximation is a far more complicated matter, see e.g. [2 [1T].
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without the hole. The convergence is established in terms of several operators norms
and for each of them, we obtain order-sharp estimates for the convergence rate. As
a consequence, we also obtain the convergence of the operator spectra and the
associated spectral projectors.

It should be noted that elliptic boundary-value problems with small holes rep-
resent a classical example in the singular perturbation theory. Situations when the
boundaries of the holes are subject to one of the classical boundary conditions
were investigated in many details, see, for instance [10, T4HI6] and the references
therein. A typical result stated a weak or strong resolvent convergence. There are
also works in which the convergence was not in W3- or Ly-norms, but in C-norm.
As an example of such studies we mention paper [9], in which the Robin condi-
tion on the boundary of a hole was allowed to grow but not faster than linearly
in the inverted radius of the hole, in which case the effect of the hole perturbation
disappears as the radius shrinks to zero. Asymptotic expansions for solutions to
such problems, in the first place, for the corresponding eigenvalues and eigenfunc-
tions, were found under appropriate smoothness assumptions, see [14] [I6]. Recent
results on norm-resolvent convergence in the boundary homogenization theory [5H7]
inspired results on the same convergence for operators in domains with small holes
[4. [§], however, in these papers, a fixed classical boundary condition was always
imposed at the boundary of the hole, in particular, the Robin condition was used
with the coefficient independent of the hole size.

As we have mentioned, we work in the two-dimensional setting. The way we
present our result is particular and general at the same time. The particularity
reflects the fact that we deal with approximation of a single point interaction, and
moreover, that our result also has a limitation: our approximation applies only to
point interactions which are, roughly speaking, attractive enough in the sense made
precise by the condition (Z.I0); recall that, for instance, a single point-interaction
perturbation of the Laplacian in the plane is always attractive [I, Sec. I.5]. On the
other hand, our proof is of a local nature and there would no problem to extend it
to cover a finite number of point interactions; each of them will be approximated by
an appropriate hole with Robin boundary and all estimates in Theorem 2.1 would
remain true, even if the involved expression would be pretty cumbersome. It is also
possible to consider operators with infinitely many point interactions provided the
mutual distances between their supports have a positive lower bound, but then
additional restrictions on the coefficients in the differential expression would be
needed.

What is more important that in contrast to standard treatment, as one can find
in the monograph [I], our analysis is more general in two respects. First of all, we
consider point perturbations in an arbitrary planar domain and, if such a domain
is not the entire plane, any (local) boundary conditions can be chosen for the free
operator. In particular, since the boundary operator B can also describe quasi-
periodic boundary conditions, our result covers, in the usual Floquet way, infinite
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periodic systems of point interactions with a single perturbation in the period cell
without any additional assumptions.

Second, our unperturbed operator is not just a Laplacian or a Schrédinger oper-
ator, but a general second-order elliptic operator; in Sec. L2 we define a point per-
turbation of such an operator properly and show that it is self-adjoint. Our results
thus allow us to treat singular perturbations of more general systems such as mag-
netic Schrodinger operator or Hamiltonians with a weight in the kinetic term, in
other words, systems with a position-dependent “mass”. This could be of interest
in solid state physics, where the effective electron mass depends on the material
and becomes nontrivial in composite structures build, say, from different types of
semiconductors. In such models, the hole in the perturbed problem can be inter-
preted as a localized defect in the material with a particular surface interaction at
its boundary.

2. Statement of the Problem and the Results

Let © = (z1,22) be Cartesian coordinates in R? and Q C R? be a domain which
can be both bounded or unbounded, including the particular case of 2 = R2. If the
boundary of ) is nonempty, we assume that it is C2-smooth.

By xg we denote an arbitrary fixed point of 2 and consider its neighborhood of
which we will speak as of a hole, defined as w. := {z : (v — x9)e~! € w}, where
w C R? is a bounded simply connected set the boundary of which is C*-smooth.
The hole is supposed to be small, its size being controlled by positive parameter ¢,
and we assume that w contains the origin of the coordinates so that xy € w, for all
e >0, see Fig.[Ml By s € [0, |0w|] we denote an arc length of dw.

The main object of our interest is the family of self-adjoint scalar second-order
differential operators H. with differential expression

J

ﬂ.__iiA..i+ii AL P u ) A o= 0\
= a{[’l 1) 5':17J j:1 ] 8I'J 8I J 0 e 13

i,j=1
(2.1)
subject to one of the classical, e-independent boundary conditions on 02,

Bu=0 on 09, (2.2)
and to a Robin condition on dw, that scales singularly with respect to € as follows:
- -1

% = %A?E)u on dw, (2.3)
als, p) = ap(s) + pag(s). (2.4)

The operator B in (22]) can be arbitrary. For instance, Bu = u refers to the Dirichlet
condition and Bu = g—ﬁ + bou describes the Robin condition with the parameter
bo. Another option is represented by quasi-periodic boundary conditions, and any
combination of these conditions on different subsets of 92 is also admissible. If 92
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Fig. 1. Domain with a small hole.

is empty, then condition (22) is simply omitted, and the same applies hereafter
to all the conditions imposed on 92. The symbols oy = a(s), an = ai(s) stand
for real functions on dw continuous with respect to the arc length s € [0, |0w]].
Similarly, s. denotes the arc length of dw. for which s. = es naturally holds.

The coefficients A;; = A;j(x), A; = Aj(z), and Ay = Ap(z) in (ZI) are real
functions on the closure . We assume that A;;, A; € C3(Q), Ag € C%(Q), and the
functions A;; satisfy the standard ellipticity condition

Ajj = Ajs, Z Aij()&i& > co(E1 +63), &G ER, z€Q, (2.5)

3,5=1

where ¢g is a fixed positive constant independent of x and £. Furthermore, by %
we denote a conormal derivative

Z A”VZ ZVJ s (2.6)

1,7=1

where v = (v1,12) is the unit normal on dw. pointing inside w., and i is the
imaginary unit.

The aim of this paper is to investigate the resolvent convergence of the operators
H. as the scaling parameter ¢ tends to zero.

Before stating our main result, we need to introduce some more notations. By
Hq we denote the operator in Lo(€2) with the differential expression H given by
the right-hand side in (2I) and subject to boundary condition (22]). Furthermore,
it follows from the definition of the hole w. that there exist positive constants R,
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Ry independent of e such that
we C BRIE(,T()) C BQRIE(,T()) C BR2 (.”L'()) C Bng (,To) C QO C Q, (27)

where B,.(a) denotes conventionally the disk of radius r centered at the point a and
Qg is the set specified in the following paragraph.

We adopt the following assumptions on the coefficients A;;, A;, Ao in (21,
on those specifying the operator B in ([2.2]), and on the operator Hg. The latter is
supposed to be self-adjoint in L2(Q2) and semibounded from below, the associated
closed symmetric sesquilinear form being denoted by hg. The domain D(hq) is a
subspace in W3 (), and moreover, there exists a domain Qy C € containing o
such that the restriction of each function from the domain D (Hg) on €y belongs
to W2(€). The form hg, satisfies the following lower bound:

balu] — oo [ul + crllullZ, o\ = c2llulliyy @) (2.8)

for all u € D (hg), where c1, co are positive constants independent of u and for an
arbitrary subdomain  C Q and vectors u,v € W3 (Q2) we denote

2
Z (a_u,Ajv)
X 8wj Lz(ﬁ)

Jj=1

2 du v
oo = 32 (Agtgn)

1,j=1

2
0
fiz (Aju, —U) + (Aow, v) 1, (6 (2.9)
Ox; La()

j=1
If 0 has a positive distance from 9, this form satisfies the lower bound
bfz[u] + Cl”””iz(()) 2 C2H“H€Vzl(()) (2'10)

with the same constants c1, ¢y as in (2.8]).

To define the operator H. rigorously, we use an infinitely differentiable cut-off
function y taking values in [0, 1], equal to one in Bag,(2o), and vanishing outside
Qp. Then H. is the operator in Ly(€).) with the differential expression H and the
domain D (H.) consisting of the functions u satisfying condition ([23]) and such that

(1—x)u € D(Ha), xu€ WF(Qo\we): (2.11)
the action of H. is then given by the formula
Heu = Ha(l — x)u + Hyu. (2.12)

Next, we have to specify the limit of the operator family {H.}.~o. Referring
to Sec. Bl in Lemma we will establish the existence of a unique solution G €
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W2(Q\Bs(x0)) N C?(Q\{x0}), 6 > 0, to the boundary-value problem
(H+¢1)G=0 in N\{ze}, BG=0 ondQ, (2.13)

where ¢; is the constant from (28] and (2I0]), that behaves in the vicinity of z¢ as
follows:

G(x)=1n |A_%(:v —xz0)| +a+O0(Jz —xo|In|z —x0|), = —mo, (2.14)
with a € R being a fixed number and
A Apr(wo)  Ar2(zo)
- \dai(zo)  Ase(zo))
By x = x(s) we denote the vector equation of the boundary, that is, the curve
x : [0, |0w|] — ©Q coincides with dw. We put
A3
ao(s) = LAXE) (2.15)
|A72x(s)]?

suppose that «y is such that
K- 7/ (co(s) In [A~4x(5)| + a1 (5))ds > —ca| G2, — matr A (2.16)
Ow

holds, and denote

(2.17)

assuming in addition that 5 # a.

The limiting operator of the family {H.}.~¢ turns out to be the operator with
the differential expression Hin Qand a point interaction at the point xy. We denote
it Ho,p; it is an operator in Lo(€2) with the domain

D(Hop) = {u=u(x):ulx) =v(x) + (8 —a)  v(ze)G(z), vED(Ha)} (2.18)

acting as

Ho.pu = Hov — c1(B — a)~ to(xo)G, (2.19)
where ¢ is again the constant from (28] and (ZI0).
By || - || x—y we denote the norm of a bounded operator acting from a Hilbert

space X into a Hilbert space Y. Now, we are in position to state our main result.

Theorem 2.1. The operators H. and Ho,p are self-adjoint and H. converges to
Ho,p in the norm-resolvent sense as € — +0. Namely, the following estimates hold:

[(He =X = (Hog = X)) Hla(@)—La(00) < Cllne ™, (2.20)
IV ((He =07 = (Hop = N7 || )=o) < € Ine|~z, (2.21)
HXQ((H‘? - )\)71 - (HO,Q - )\)71){|L2(Q)_}©(h9) < C’| 1H€|717 (222)

where Q is an arbitrary fized subdomain of Q such that xg ¢ Q and Xq @5 an
infinitely differentiable cut-off function equal to one on Q and vanishing outside
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some fixed domain containing Q. still separated from the point o by a positive
distance. These estimates are order sharp; the positive constants C' are independent
of €, the constant in estimate [222) may in general depend on the choice of S).

Our second main results describe the spectral convergence of the operators H,;
the spectrum of an operator is denoted by o(-).

Theorem 2.2. The spectrum of the operator H. converges to that of Ho g as e —
+0. More specifically, if A ¢ o0(Ho,g), then A ¢ o(H.) provided € is small enough,
while if X € o(Hog), then there exists a point \e € o(He) such that Ao — A
as € — +0. For any 01,02 ¢ 0(Hop), 01 < 02, the spectral projection of H.
corresponding to the segment [p1,02] converges to the spectral projection of Ho g
referring to the same segment in the sense of the norm || - || 1, ()= L,(0.)-

For each fized segment Q := |01, 02| of the real line the inclusion

o(H-)NQ C {X € Q:dist(\, o(Hop)NQ) < Cllne|~} (2.23)

holds, where C' is a fized constant independent of € but depending of Q. If Ao is an
isolated eigenvalue of Ho g of a multiplicity n, there exist exactly n eigenvalues of
the operator He, counting multiplicities, which converge to \g as € — +0. The total
projection P referring to these perturbed eigenvalues and the projection Py g onto
the eigenspace associated with \g satisfy estimates analogous to (220)-(Z22]).

Before proceeding to the theorems, let us add a few comments. Although def-
inition (2I2)) of our operator looks a bit cumbersome, we nevertheless adopt such
approach to have as much of generality as possible. The reason of using 212 is
that we want to involve under consideration general second-order differential oper-
ators with coefficients behaving at in all possible ways, including various growths
and oscillations. Our main results are in fact of a local nature and the behavior of
the coefficients A;;, A;, Ay at infinity plays no role. This behavior is hidden in the
operator Hgq, which is defined without using the hole w. and the domain of Hq
hence depends on the behavior of the coefficients at infinity. The operator Hq can
be regarded as defined via its sesquilinear form hg, which is given by an expression
similar to (23] with a possible additional term generated by a chosen boundary
condition. In a general situation, the domain of the form hq reflects the behavior
of the coefficients A;j, A;, Ao at infinity and possible the choice of the boundary
conditions. In view of this, assumptions (28], (2I0) are very natural and can be
treated as a local coercivity of the forms ho and hg. Using these assumptions, in
ZI1) and 2I2), we show how to define correctly the operator with a hole. We also
stress that once we know apriori how the coefficients A;;, A;, Ag behave at infinity,
the operator H. can be defined in a usual way via quadratic forms. For instance,
if we want to define just the Laplacian subject to boundary conditions (2.2])—(2.4),
we can equivalently define via a usual quadratic form on an appropriate subspace
of Wi (£2e).
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The convergence of H. to Hy, g is expressed in terms of several norms for the
corresponding difference of the resolvents, namely those of operators acting from
Lo(Q) into Lo(Q:) or W), see Z20) and Z2ZI). One more estimate is given
in [222), where the norm involves a cut-off function xg. The presence of this
cut-off function means that the difference of the resolvents is considered on a fixed
subdomain separated from the point xg; this difference is estimated in the norm
defined by the form of the operator Hg. The convergence rates in ([2:20)) and (Z22))
are same being O(|lng|~!), while the rate in ZZI)) is just O(|Ine|~2). The reason
is that the norm in (221]) is stronger than in (Z20) since it involves the gradient;
note that in (222)) its presence plays no role, because the norm is considered on
the domain separated from the point xg.

As indicated in Sec. [ the constant § defined by (ZIT) cannot take all values
on the real line in view of (2I6). This condition obviously fixes an upper bound for
the admissible values of § and, at the same time, it is essential for our technique;
should (ZTI7) fail, the convergence of our operator families could fail as well. We
stress that the shape of the domain w. is involved in via the integral in (2I6]).
This means that if we solve a problem on approximating a given point interaction
with a prescribed constant 3, as a hole w., just a small ball can serve. However,
if we regard the considered model as a finding of the limiting operator for a given
operator with a hole, it is natural to consider a general shape of w. We also mention
that our proofs do not become simpler if we assume from the beginning that w is
a ball. The reason is that the only place, where the shape of the hole becomes
important is a short auxiliary Lemma 3.1

Our second result, Theorem 2.2 states the convergence of the spectrum and
the associated spectral projections. This result is based essentially on standard
theorems about the convergence of the spectra with respect to the resolvent norm,
however, they cannot be applied directly here since the operators H. and Ho g
act on different spaces. One more problem is that the functions in the domain
of the limiting operator exhibit a logarithmic singularity at xg. Nevertheless, we
succeed to overcome these obstacles. Moreover, inclusion (Z23]) provides, in fact,
an estimate for the convergence rate of the spectrum, which turns out to be the
same as in inequality ([220)). Indeed, this inclusion means that once we consider
compact parts of the spectra of Hy 3 and H., the distance between the perturbed
spectrum and the limiting one is of order O(|Ing|~1). Considering then how the
isolated eigenvalues of the operator Hy s bifurcate into the eigenvalues of H., we
are able also to estimate the convergence rate for the associated spectral projections
arriving at estimates that are the same as (220)-(222).

3. Auxiliary Results

Here, we collect several auxiliary results, which will help us to prove Theorem 2.1
in the following section.
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Lemma 3.1. The identity

/8w ag(s)ds = / #lx(jl ds = —7wtr A (3.1)

holds true.

Proof. Let us express the integral on the left-hand side of (BI). We observe that

2 2

3}
ZA”(gco)8 o -In|A” (:v—xo)| 0

ij=1

holds in the vicinity of xg. To see that this the case, one can introduce local coor-
dinates, y := Az (x —x0), in which the expression in question is nothing else than
Aln|y|. Integrating it over w with a small disk centered at o deleted, using Green’s
formula, we get

2
82
0:/ Aij(w0) 55— In|A™ (:v—xo)|d:t
\{o: yl <3} ;1 T 0w,

:7/ 21D|A7%X(S)|d$ 7/ ﬁ
ow On {@: lyl=0}1Y]

Evaluating the integrals on the right-hand side and taking the limit § — +0 in the
second one, we find

1
v-Azx(s)ds
0= —/ limds—wtrA,
00 A Ix(s)?

in other words, the sought identity (B1I]). m|

In view of the assumptions made about the operator Hg, in particular, of the
estimates (2.8)) and (2.10), the spectrum of this operator is contained in the interval
[c2 — c1,00), and since ¢z > 0, the inverse operator (Hq +¢1) ! is well defined and

bounded. In the following lemma, we employ the polar coordinates (r, #) associated
with the variables y = A~z (x — ).

Lemma 3.2. The boundary-value problem 2I13)), @I4) has a unique solution
which belongs to W(Q\Bs(z0)) N C?(Qo\{xo}) for all sufficiently small § > 0

and has the following asymptotic behavior in the vicinity of xq:
G(z) =Inr +a+r((arsinf + azcosf) Inr + P(sin b, cos§))
+0(r*In*r), = — w0, (3.2)
where a is a real number, a1,as € C, and P is a polynomial.

2250003-10
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Proof. The differential expression (2] can be rewritten as

2

BE 2 DA 0A;
N a g 214, AN e’ R
_Zl T 9301, *;(1 Z axz> : z A

(3.3)

Using this representation and passing to the local variables y in the vicinity of the
point ¢ introduced in the proof of Lemma [31] it is straightforward to confirm that
there exists a function

Go(z) =Inr +r((ar sinf + as cos ) Inr + P(sin 6, cos 0))
+ 17 (Py(sin 6, cos ) In? 7 4 Py(sin 6, cos 8) In7 + P3(sin 6, cos 9)), (3.4)

where P and P;, i = 1,2, 3, are some polynomials, such that the function Fy(x) :=
(H + ¢1)Go(z) is continuously differentiable in the punctured neighborhood of the
point zy and exhibits there the following asymptotics:

Fy(z) =O(rlnr), x— xo. (3.5)
We seek the solution to the boundary-value problem (213]), 2I4]) in the form
G(z) = G1(z) + Ga(z), G1:= xGo, (3.6)
where for the unknown function G5 we obtain the operator equation
(Ho+c1)Ge=F, F:=—xFy+ F1. (3.7)

Here, F3 is a linear combination of the products of the derivatives of Gy and x up
to the second order. The above indicated properties of the function Fy imply that
F belongs to Lz(Q2) N C7(Qp) for each v € (0,1).

Since the resolvent (Hg + ¢1) 7! is well defined, Eq. (B has a unique solution
which belongs to ®(Hg). Moreover, using the standard Schauder estimates [13], we
infer that this solution also belongs to C?77(Qg), which means, in particular, that
the function G5 has the Taylor expansion

Go(2) = a + asyr + asyz + O(ly|?), = — x0, as,a4 €C, (3.8)
where y1,y2 are the components of the vector y = A~ (x — xp). Returning to
the function G, we conclude that problem (ZI3]), 2I4) is uniquely solvable and
identity ([B.2]) holds true.

It remains to check that the number a is real. According to (31) and the defi-
nition of the functions Gy and F', we have the identity
halGal + c1[|Gall7, ) = (F, G2)ry@) = —((H + 1)G1,G2) ) (39)
which can be rewritten as follows:
balGa] + c1l|Gall3, ) — (H +c1)Gh, G1) oy = —((* + ¢1)Gh, G) Loy
(3.10)

We denote Q9 := Q\{z:|y| < 6}. In the last term on the left-hand side of [FIT), we
integrate by parts once bearing in mind the asymptotics [32)), (38)), the identity
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BI), and the fact that G; = Gy holds in the vicinity of the point xg, obtaining
(Ha +c1)G1, G1) o)

2
S (5 (4,50,00) o (400
Oxj " Ox; L(Q9) L (Q9)

0=H0 \ij=1

— 0Gy
+ (o + )61, G) )~ [ Go—d8>
PO =gy On

2

. 0G1 0G 86‘1
=1 Ay—L =L —21
- 11m Z < J aw] axl ) Qé mz < >L2(Q(§)

0=+0 \ 5=
((AQ—I—Cl)Gl,Gl) m)—l—wtrAlné . (3.11)

In the same way, we integrate by parts twice on the right-hand side of (10

((7:( +¢1)G1,G) = lim N (G% — Gy oG
2 {: |y|=38}

Sm o o ) ds = —matrA.

(3.12)

Substituting this identity together with (BI1) into (BI0), we obtain a formula for
the constant a showing that it is real. This concludes the proof. |

Denote next Il := Bag, (20)\we, then we have the following result.
Lemma 3.3. For all v e Wy (Il.) the estimate

10112400 < Ce(lmellVollZ, ) + 017, ) (3.13)

is valid, where C' is a fized constant independent of € and v. If, in addition, the
function v is defined on entire ball Bag, (o) and belongs to W (Bag, (1)), then
the estimate

HUHLQ(BQRZ(;EO)) < Ce¥(| 1H€|HVUH%2(BR2(%)) + HUHQLQ(BMZ(IO))) (3.14)
holds, where C' is a fized constant independent of € and v.
Proof. We denote by ¢:R; — [0,1] an infinitely differentiable cut-off function,
equal to one if ¢ < 1 and vanishing for ¢ > 2. It is clear that

v(x) = v(x)¢ (%) =:v. ondw,, and v.=0 on dBar,:(x0).
1

(3.15)
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We rescale variables, x +— (v — 2¢)e !, and by standard embedding theorems, we
get

V117500 = €llve(@o + € )1Z, (o)

< CEHV’U‘E(‘TO +e- )”%2(32121 (0)\w)
= Cg”vngiz(Blee(mo)\WE)

2 —1 2
< CelIVUllLBon, e @onvwe) T & I0NLBon, o\ Baye(@o)):  (3:16)

where the symbol C stands for various inessential constants independent of £ and
: 2
v. Let us estimate the term HuHL2(BZR15(CEU)\BR15(CE0)).
It follows from (7)) that

|x — o]

o) =ol)s (LE222) i Bar o

We denote r := |z — xg| for @ € Bagr,-(20)\Bg,:(z0), and furthermore, we put
' i=x + %/(x — Zp), then we have

o (5 ()

2R> / 1 2R> /
</ |Vv<x’>|<(}’;—2) a' o [ ) c(R—)

Using next Cauchy—Schwarz inequality together with the properties of the cut-off

lv(z)] =

dr’.

function, we arrive at the estimate

lu(z)]? <2 (/rsz |Vo(z')|¢ (;—;) dr’>2 + Ri% (/T2R2 lv(z)]

2 2R>
<2In 21t |Vo(z") > dr’
r

2
21n2R 2F>
+ 22 2 <sup |<’(t)|> / lo(z) 27" dr'. (3.17)
2 te(1,2] r

Integrating this inequality over Bag, < (20)\Br,e(zo), we find

2
Hv”L2(32R15($0)\BRIE($0))

2 2 2
< Ce*(|Inel[VollZ, (a, wo)\Bay. (w0)) T 11 La(Bar, (@o)\ Bry (50)))

and substituting finally from here into the right-hand side of (3I6]) we obtain
the sought estimate (BI3). Finally, if v € W21(B232($0)), we integrate estimate
BI7) over Bag, (o) and arrive immediately at estimate (814 which concludes the
proof. O
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Lemma 3.4. For all v € W3 (I1.) satisfying the condition

/ vds =0 (3.18)
Owe

the inequality
||U|\%2(aw5) < C5||VU||2LZ(HE) (3.19)

holds, where C' is a constant independent of € and v. If, in addition, the function v
is defined on the entire ball Bag,(x0) and v € W3(Bag,(x0)), then

1012500y < CeImellvllyz sy, o)) (3.20)
where C is a constant independent of € and v.

Proof. Throughout the proof, the symbol C' stands for various inessential constants
independent of € and v. The function

v =0 — (U)y,, (V) := ! vdx (3.21)

N €2|B2R1(0)\w| BZR15($U)\wE

obviously satisfies the identities

/ vy (x)dx =0, / vy (xo+e-)dx =0, (3.22)
Bapg,e(z0)\we Bor, (0)\w

which allow us to apply the Poincaré inequality in the following chain of estimates:
HUJ-Hig(BwE) = ¢ellvi(zo + 5')Hiz(aw) < Ce||[Vui(zo + 5')Hiz(BzR1 (0\w)
< C5||VU||%2(32R1€(%)\%)-
From this inequality in combination with ([B.21]), we infer that

HU”%Q(awE) = [|vL + <U>w||%2(aw€) < CE(HVU|\%2(BQRIE(IO)\%) + |<U>w|2)- (3.23)

Let us assess (v).,. In the domain Byp, () \w, we consider the boundary-value prob-
lem

|Ow] ,
AX = in Baog, (0)\w,
Bar, O] P2 o
0X 0X
B =1 on dw, 5 =0 on dBsg,(0),

where v is the unit outward normal to the boundary of Bag, (0)\w. This problem
is solvable because we have

ool = [ as= [ Pas- | AX dz = [Bog, (0)\w].
dw dw v Bar, (0)\w

In view of the assumed smoothness of the boundary dw and the standard Schauder
estimate, we can conclude that X € C*7)(Byg, (0)\w) for all v € (0,1). A solution
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to problem ([B.24) is defined up to an additive constant which we fix it by the
requirement

/ X(z)dz =0. (3.25)
Ble (O)\w

Combining problem ([B:24]) and assumption (I8]), we can rewrite (v),, using inte-
gration by parts

1 J—
(V) = — v(x)AX (w xo) dz
|Ow| BoRy e(ag) \We €
S L T—— ku)<VX>(”_“)dw
5|8w| Ow. €|8w| Bapr,e(0)\we €
1 T — X0
=—— Vo(z) - (VX) ( ) dz, (3.26)
Elaw| Bap,e(w0)\we €

and consequently, by Cauchy—-Schwarz inequality, we can infer that

oo (=2=)]]

La(B2ry«(w0)\we)

1
2 2
|<U>w| = €2|aw|2”vv”Lg(BgRlE(xg)\wE)

< C||VU||%2(BQRIE(IU)\WE)- (3.27)

This estimate together with (323]) yields inequality (3.19]).
Assume finally that v € W2 (Bag, (z0)). Then we can replace v in (BIT7) with

9v. j = 1,2, and integrate such an estimate over Byg, (o). This gives

6_$1.7
||VU||2L2(2BR15(950)) < HVUH%z(zBRlE(IO)) < 052|1n5||\“||w§(3m2(m0))’ (3.28)
which in combination with B23), (27) implies (20) concluding thus the
proof. O
Next, we consider for any v € W3 (Il.) the mean value over the boundary of w.,

1

—_ ds. 3.29
0]y, U (3.29)

<U>5we =

Lemma 3.5. For all p € C(0w) and all v € W3(Bag,(x0)) the inequality

3

e (%) vlonts — o)

< Cel el [z ol0)i= [ ol (330)
holds true, where C' is a constant independent of € and v.
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Proof. We put

vt =0 — (V)au,., / vy ds =0,
Owe

and note the following obvious identity:

[ e ()= o [ (D) [ (2 v
= c(9)(V)ow. +e (07, Q)L (000) (3.31)

and from Lemma [3.4] we get

_ 1
e (v, @) Lo(own) | < Cellnel2 |v]lw2(an, (w0))- (3.32)

Let us assess the difference (v)s,. — v(xp). To this aim, we consider the boundary-
value problem

oy

=1 on Juw,

3.33
10wl (3.33)

Y(x) o

In|z — 20| +O(1), =z — x,

where v is the unit outward normal to the boundary of w. This problem has a
unique solution up to a constant which can be chosen in such a way that

/ Y (z)dz = 0. (3.34)

In view of the assumed smoothness of the boundary dw and the standard Schauder
estimate, we have Y € C?T7)(w\Bs(0)) for any v € (0,1) and all § > 0.

Let v € C%(@7). Using integration by parts and taking into account the indicated
properties of the function Y, we get

0:/ vAY<xxO)dx
We €

— ! /aws v(z)ds — /8% Y (‘T 8“) %(x)ds — |0w|v(zo).

Since the space C?(wr) is dense in W3 (w.), the above identity holds for all v €
W3 (we) as well, and by Cauchy—Schwarz inequality and Lemma it implies

r—x9\ OV
/(%EY( . )g(x)ds

1 1
< CeZ ||Vl (0w, < CelInel2[|vflwz ),

1
|[(v)aw. — v(wo)| = o]

which together with (B31), (3:32)) yields the sought result. O
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4. Convergence

The goal of this section is to prove Theorems 2] and The argument consists
of two main parts. In the first, we establish the self-adjointness of the operators H.
and Ho g, while the second part is devoted to the verification of the norm-resolvent
convergence and the spectral convergence.

4.1. Self-adjointness of the operator H.
We start by introducing a sesquilinear form h. in Lo(€2.) defined by the identity

be(u, v) := ba((1 = x)u, (1 = x)v) + hag\w. (xu, (1 = x)v)
+ b(lo\wg ((1 - X)’U/7 XU) + bSZg\wE (X’LL, XU) - 871<Oéu, ’U)Lg(i)wg) (41)

on the domain

D(he) = {u: (1 - x)u € D(ha), xu € Wy (Q\we)}. (4.2)

It is clear that this form is symmetric; let us check that it is associated with the
operator H,, in other words, that we have

be(u,v) = (Hew,v)y0.) forallu e D(He), veD(he.). (4.3)

Indeed, since u € WZ(Qo\w:), v € Wy (Q\we), according the definition of H.,
h and yx, we can use integration by parts to rewrite the last four terms on the
right-hand side of ([@I]) as follows:

bog\w. (X (1= X)0) + bag\w. (1 =20 X0) + bay\w, (xu Xv) — ™10, 0) Ly(ow.)
= (Haxu, (1 - X)U)Lz(ﬂo\ws) + (Ha(l = x)u, xU)LZ(QO\wE)
+ (HaXu: XV) L, (20 \w.)

= (H“XU’U)LQ(QE) + (Ho(l = x)u, xv)Lz(QE). (4.4)

As for the remaining term, since by assumptions made about the cut-off function
x we have (1 — x)u € D(Hgq) and (1 — x)v € D(hq), we infer that

hﬂ((l - X)uv (1 - X)U) = (HQ(I - X)ua (1 - X)’U) Lo ()
= (Hﬂ(l —x)u, (1 - X)U) La(9)" (4.5)
We also have (1 — x)u € W3(€p), and therefore

Ho(l — x)u="H(1 —x)u on Q\Bg,(zo). (4.6)
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Substituting this identity together with (L3)), ([@4) into definition (4Il), we get
be(u,v) = (Ha(l = x)u, (1 - X)U)LQ(QE) + (HX%”)LQ(QO\%)

+ (7:((1 = X)u, X’U)Lg(ﬂo\wg)
= (HQ(l — X)U7U)L2(Qg) - (Hﬂ(l - X)u, Xv)Lz(Qs)
+ (Xt 0) gy T (= X010 X0) o

= (Ho(1 - X)u,v)Lz(QE) + (ﬂxu,v)Lz(Qs), (4.7)

which proves relation ([A3]).

Our next step is to check that the form h. is semibounded from below. Here,
we shall make use of the following two auxiliary results concerning the function G
introduced in Lemma 321

Lemma 4.1. For all u € ®(h.) we have the identity

oG
bE(Ga U) +c (Gv u)Lz(Qs) = <6_ - gilan u> : (48)
n LZ(BUJE)

Proof. To begin with, we observe that G € D(H.), and therefore the quantity
he(u, G) is well defined. Tt also follows from the definition of the function G and

(£5Q) that
Bi((L— )G, (1= 0u) + 1 (G (1= )u) 0, = e, (G (L= 0w (49)

Thus, we have
be(G,u) + c1(G,u) 1y 0.) = bag\w. (1 = X)G, xu) + bag\w. (XG, xu)
—e! (oG, U)Lg(i)wa) +a (G’ Xu) Lo (€2.)

= hog\w. (G, xu) + 1 (G, xu) L, 0.) — 5_1(04G,U)L2(aw5)§

integrating then by parts and using the equation that G satisfies, we arrive at

E3). o
Lemma 4.2. The identities

<% —5_1aG,G) = K +7atrA+O(In" "), (4.10)
on Lo (dwe)

(g—f - slaG> (e7ls.) = (In e di(e7tse)
+In"2edy(e se,))  on Owe (4.11)

hold true, where K is defined by formula (ZI8) and
®1(s) = —ap(s)(In|[A2x(s)| + a) — ai(s), (4.12)

and ®o = Po(s,€) is a function uniformly bounded in € and s.
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Proof. The stated asymptotic expansions (AI1]), [{EI2) can be easily confirmed
by straightforward calculations using relations ([3.2]). These three formulae in com-
bination with the identities (B1), [2I5) yield in turn (@I0) which concludes the
proof. |

Given an arbitrary u € W3 (£2.), we denote

(U)ow.
<G>5we ’

recalling that the averaging (-)a.. was introduced in (329). Then in view of
Lemma (1] we have

ut = u— (uweG, (u)g:= (4.13)

be(u, w) + e |lull7,q.)

=bh. (uJ‘ + <U>GG,U) +c1 (UJ‘ +(u)cG, U)Lz(Qe)

oG _
= f)a(ui,U) + Cl(uJ-,U)L2(QE) + (u)¢ <$ _ e 1aG,u)

oG _
= e+ et 0 + o (52 - 710G,
LQ(BUJE)

0G
+2Re(u)a (— - 5_1aG,uJ‘) . (4.14)
on La(dwe)
In view of the asymptotics (LIl we have
8G 1 1 —1 —1 -1 1
(% —e aG,u )Lz(awe) =¢ In "¢ (@1 +In"" Oy, u )LQ(awE)

and therefore, by virtue of Lemma [3.4]

oG _ _
(-6t ) < Clme et oo (119

L2 (BUJE)

where C' is a constant independent of ¢ and wu.
To proceed, we have to analyze the term h.(u’,u’) in @I4). The estimate

[28)) implies
ba[(1 —x)u'] + cllu(|7, 00
> c2llut[[fs @00) o [(1 = x)u]
= C2HUJ_||12/V21(Q\QO) +hogw. [(1 = x)uT]. (4.16)
At the same time, it is straightforward to confirm that
Bag\e. [(1=X)u™] + bagye, (1= x)u™, xu™) + bogw, (xu™, (1 = x)u’)
+ Bog\w. XuT] = bogw. [u'], (4.17)
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hence by the definition of the form . and estimates ([{.I10), (2.10) we get
belut] + erllut |7, ) = callut llwy@ao) + Dao\w. [u]
Ferlut | Ly@one.) — & QU ut) Ly ow.)
> oot lwi o) — e Haut, ut) Ly ow.)- (4.18)
By Lemma [B4] and the definition of o by ([Z4) and (ZI5)) we also have
< Cllne Va2, 00 \wn)s (4.19)

|571(auj‘, uJ‘)L2(3w£)

where C' is a fixed constant independent of ¢ and u, hence in view of ([@IS]) we
finally obtain

helut] + crllut]|F, ) = (2 — Cllne| ) [Jub |17, o) (4.20)
This estimate together with (£I5]), (£14]), and (@I0) implies that
b () + 1wl gy 2 (e2 — Clinel Yl I3y,
+ (K +7matr A — C|lne| ™) [{u)g|? (4.21)

where C' is again a fixed constant independent of € and w. Furthermore, using
Cauchy—Schwarz inequality, it is easy to check that

||U||2LQ(QE) = ||ULH%2(QE) +2Re(u)c(G, UJ_)Lz(Qe) + |<U>G|2||GH%2(QE)

ilte ||L o
—nllut12, . + 2< ——L28) 1y g (4.22)

Y

holds for an arbitrary n € (0, 1), and this identity in turn implies
(2 = Cllne[ ™) [[u [y o,y + (K + matr A = Cllne|™)[(u)e|* + esllullZ,q.)

> (c2 = Cllne[)[[Vul|[Z,q,) + (2 = Clne| ™" — esn)l[u' 17,

nllGl3

+ K+watrA—C|1n5|_1+03m |(u)e|? (4.23)
1+n

for any ¢z > 0. Having in mind that ||GHL2 o) ||GHL2(Q o(1), we choose ¢z and

7 in such a way that c3n is less than co and 7 1s small enough. In view of (ZI6]), we
can achieve that

G 2
nll HLQ(QE) > e
1+n
(4.24)

co—Cllne|™ ' —c3n>cy, K+matrA—Cllng|™ +ec3

holds for all sufficiently small e, where ¢4 is a fixed positive constant independent
of e, and c¢3 is independent of € as well. By means of (£21]), (Z23]) we then have

b [u] + csllully,0,) = cs(llu I o, + (wal?), (4.25)

where ¢5 and c¢g are fixed constants independent of € and w.
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We also observe that we if we replace estimate ([{I0) by the identity

bo[(1 = x)ut]+allut |17, a0 = ba[(1 = x)u'] + cllut 17,0y
- bQo [(1 - X)UJJ_] + bQo [(1 - X)UL]

and proceed as in ([LIT7)-(E24), taking in addition (£2H]) into account, we get one

more estimate, namely

belul + esllull} .y = bal(1 = x)ut] + crllut )17, a0 — beo [(1—x)u']
+es(lut s, + (wel?)- (4.26)

Finally, let us show that the form b, is closed. We recall that the domain D (hg)
is by assumption a subspace in W3 () and take an arbitrary sequence u,, € D(h.)
such that

lun —ullLy) — 0, be[tn —um] — 0 asn, m — oo (4.27)
for some u € Ly(€2:). In view of (28], this immediately implies that
luy = umllwi,) = 0, (un —um)e — 0 asn, m — oo, (4.28)
and taking (£13)) and (£27)) into account, we then conclude that
un — wmllwi.) — 0 asn, m— oo. (4.29)

Thus, u, converges in W (£.) and due to the first claim in (£27), the limiting
function is v which means that u € W3 (Q.). By definition ([I]) of the form b,

together with (£27)), (E29) this implies
hal(l =) (un — um)] = 0, [[(1 = XJun = (1 = x)ull L) =0 asn, m — oo

Since the form hgq is closed, it follows that (1 — x)u, converges to (1 — x)u with
respect to the norm in the subspace D(hq) of the Sobolev space W3 (2). Conse-
quently, (1 — x)u € D(hq), and in view of [@2]) we may conclude that u € D(hq),
and also h[u, —u] — 0 as n — co. This means that the form b is closed.

This brings us to the desired conclusion: the operator H. is associated with a
closed symmetric sesquilinear form semibounded from below, and therefore it is
self-adjoint.

4.2. Self-adjointness of the operator Ho g

By definition, the domain of the adjoint operator Hj 5 consists of all v € La(f)
such that there exists a function g € La(£2) obeying the identity

(Hoﬁu, v)LZ(Q) = (u,g)Lz(Q) for all u € @(Ho,g), Hgﬁv =4g. (4.30)
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Since u = ug+ (8 —a) " tug(z0)G, ug € D(Hq), we can rewrite the above identity as

(Hauo — c1(B — a)71UO(!E0)G,U)L2(Q) = (u0,9)2(0) + (B — ) uo(20)(G, 9) 1, (0)

and hence,

(Hauo, v)r,0) — (B — a) 'uo(20) (G, e1v + 9) 10) = (U0, 9) 10 (4.31)

Proceeding as in the proof of Lemma B.2] cf. B9)-(BI12), it is straightforward to
check that

(fs @) Lacasy + (B — @) A+ e1)uo(@0) | G178y + (A + 1) (w0, G) Ly (9

:f/ <a%uoa—G) ds.
{oslyl=sy \ 0 " On

Passing to the limit as 6 — +0 in the above identity, the left-hand side converges
to the analogous expression with the scalar product referring to Lo(£2). In view
of Lemmata and with w, replaced by {z : |y| < d} together with the
asymptotics (3:2) and identity [B1]), we also get

_9 oG
lim GZ0 s = 0, lim ug—— ds = —mu(xg) tr A.
=40 Jaslyi=sy - O =40 Jasly=sy  On

Recalling the definition of ug, the limit § — 40 thus yields
—mug(xo) tr A = ((Ha + c1)uo, G) (), (4.32)
which allows us to rewrite (31 as
(Hauo, v) L) — (6 — a) " k((Ha + c1)uo, G) Ly@) = (W0, 9) Lo

(G,c1v+9) )
TtrA ’

P
or equivalently as

(Hauo, v — (8= a) " 'RG) ,(0) = (u0,9 + (B — a) " c1RG) 1, (q)-
Since the operator Hg is self-adjoint, the above identity implies that

wi=v—(8—a) kG €D(Hq), Hizw=g+(B—a) 'arG.  (4.33)
Using then the identity (£32) with ug replaced by w, we get

—mw(wg) tr A = ((Ha + c1)w, G) ) = (9 +c1v,G)py0) = —TREr A,
and therefore, by virtue of (£33,
v=w+ (8 —a) 'w(xe)G, Hjsw=g+c1(B-a)w(x)G, weD(Hq),

which means that Hg 5 = Ho,g.
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4.3. Resolvent convergence

Since both the operators H. and Ho g are self-adjoint, their resolvents are well
defined for A away from the real axis, Im A # 0. We choose an arbitrary f € Lo(2)
and denote ug := (Hog — A) "1 f, ue := (He — A\) 71 f, where in the latter definition
the resolvent is applied to the restriction of the function f to .; with an abuse
of notation we keep the same symbol for it. We put v. := u. — ug. This function
obviously belongs to Wi (€).) and solves the boundary-value problem

(7:1 —ANve=0 inQ., Bv.=0 ondfQ, % =e tav. +g. on Ow,,
n
where
Je 1= (% - 5_1a) Ug. (4.34)

The corresponding integral equation reads

be[ve] — )‘H%H%g(ﬂg) = _<g&‘7v5)L2(3wa)' (4.35)

The next step is to estimate the right-hand side in ([@35). Since ug € D(Ho,3)
according (ZI8), it can be represented as

uo(x) = vo(z) + (8 — a) tvo(w0)G(x), v € WE(Q) (4.36)
and
f=MHop— Nuo = (Ha — Mo — (8= a) " (A + c1)vo(0)G.
Lemma 4.3. The inequality
lvollw ) + llvollwz(Bar, (o)) T [vo(20)| < Clfll2o(0)
holds, where C' is a constant independent of f but in general depending on .
Proof. Throughout the proof, the symbol C stands again for various inessential

constants independent of vg. Since the operator Hy g is self-adjoint and A ¢ o(Ho 3),
we immediately get

[voll,(q) + 2Re (B — a)~wo (o) (vo, G) Ly () + [vo(20)*|GlIZ 0

2
e < M
L2(9) = dist(\, o (Ho.5))?

We observe that the function vy solves the operator equation
(Ho — MNwvo = f+ (B8 —a) " (A + c1)v(x)G  in Q. (4.38)
Repeating the steps that led us to identity ([{32), we can confirm that
(fs @)Ly + (A + c1)(uo, G) Ly (0) = —To(z0) tr A.
In view of ([@37), this implies that
[vo(w0)| < Cfll o) (4.39)
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and by Cauchy—Schwarz inequality we then find

IN

(B —a)~Two (o) (v0, G) Loy | < (8 = a) Hlwo(zo)l[voll o) |Gl Lo

N

1
< §HUO||2LQ(Q) +ClIF17 @)
This estimate in combination with (@37 yields
vl 2,0y < Cllf 17200, (4.40)
thus by ([@39) we infer that the right-hand side in ([@38]) can be estimated as
1f + (8 = a) " (A + e1)v(0)Gll o) < CllfllLac0)-
It follows then from (£38) that
lvollwy ) + llvollwz (Bar, (o)) T v0llwz ) < Cllifllrae)

and this estimate together with ([@40]) completes the proof. O
Recalling (329), (@I3]), we represent functions v. and vy as

vo, 1 () == vo(z) — (V0)ow., Ve = vé‘ + (v) G, / vg, 1 ds = / vé‘ ds = 0.
Owe Ow

(4.41)

Furthermore, in view of (£34]) and ([36]), the function g. has the following repre-
sentation:

(91)0
9e = Je,1 + ge,2 + 9e,3,  Ge,1 = on
n

ge,2 =€ (vo — vo(w0))a, (4.42)

g3 = vo(z0)(B—a)™ " <g—f - 5_1aG) — e rawo(zo).

We have
(gs,lvv€)L2(8w5) = (ge,lvvé_)Lg(Bwe) + <UE>G (gs,l7G)L2(6(—UE)7

and therefore from Lemmata [£3] B3] and [3:4] we infer that

< CelInell|[vllwz(Byr, (o)) (102 lwi o) + [(ve)al)

< Cellnel[| fllza (l02 lwz ) + [(ve)al).- (4.43)

|(95,1, UE)LQ(BwE)

As before, the symbol C' stands for inessential constants independent of e, f, v,
Ve, and .
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In view of the decomposition [@AI]), the function g. 2 can be represented as
Geo=¢ Y(vo L +gea), G = (v0)ow, — vo(x0),
and using Lemmata and [£.3] we obtain
< O™ Inel ™ (v, Ll za(own) + &2 lgeal) vzl oo

< Ce? || fll o) (102 lw oy + 1{ve)al)- (4.44)

Let us proceed to assessment of the scalar product (gc 3, ve) 1, (9w, ). Using represen-

tation (42) together with (ZI0), (ZTH), we get
(92,3, V=) Lo (0e) = (92,3, V2 ) 1 (0w) + (V)6 (92,3, G) 1 (002 (4.45)

{(95,2, vs)Lg((?wE)

and
(92,3 G) L (0w.) = vo(20) (B — @) M (K + matrA) + mtr A+ O(In" " ¢)).
In view of (ZI7) and Lemma 3] we thus have

|(ve)@(9e,3: G) Laowny | < Cllnel 7 fllLoo0) [(ve) - (4.46)

Next, we use identities ([@.11]), 2.4]) and Lemmata B4l L3l to estimate the first term
on the right-hand side of ([€.43),

=& e |(®1 — a0 +In7 e (@2 —an),07)

|(96,3,U§')L2(8w€) Lo(8w.)

< Ollel 1 fll ooy (v Twp o) + ve)al)-
This estimate and (4.46]) lead us to a bound for (gc 3,v:)1,(0w.)
(92,35 02) La(ow.) | < Cloel M| Fll Ly ([v2 lwpany + [(v2)al)

then ([@44), @43]), and [@Z2) imply the final estimate for the right-hand side in
E&335),

< Cllnel ™ fll o) (1o llwp oo + (ve)el)- (4.47)

Now, we consider separately the imaginary and real part of the both sides of

Eq. (£33), then using ([@25]) we arrive at

017,00y < Clnel ™| £ll Lo (102w an) + [(02)al),

| (9e, 'Ue)Lg(Bwe)

(4.48)
vz I oy + 1vedal® < Clinel ™ fll o) (02 Twion) + vedal),
where the second estimate implies
HUELHWQMQE) + [(ve)a| < C 1n5|_1|\f|\L2(Qe)- (4.49)

In this way, we get the inequality

[vellzaon) < 102 laceny + 1)l Gllpaony < Clnel ™ | £y, (4.50)

which proves the convergence ([220]).
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As for the second claim of Theorem 21 using asymptotics ([B.2)) it is easy to
check that

VGl La@o\we) < Cllnelz, V(1 =X)GllLy) +bol(l=X)G]<C (4.51)
and consequently, by virtue of (£49),

IV0ellT, .y < 20V 1T, 0 + 210e)cPIVEIT o) < Clnel I fI1 o)
(4.52)

This inequality in combination with (£50]) proves (Z21).
Let us pass to the last claim. It follows from the estimate (£26]) and identity

(£33) that
bl = x)vz]+ csllvz 1,0.) < Cllvellzs + (92, ve) Lo
Using now ([@47), (£49), and (£50), we obtain
hal(1 - x)vz] < Clnel || f]I7,q)
and by ([{5]I) and (@350) this implies that
bal(1 = x)ve] + |1 = x)vellL, .y < Clnel 2|7, q)-

Together with (£52)) and [50]), the above inequality leads us to ([2.22]).
Let us finally demonstrate that the estimates (220)—(222]) are order sharp. To
this aim, it is sufficient to consider a suitable particular case, for instance,

Q= R2, o = 0, 7:( = —A, c1 = 1, Qo = Bl(O),

+ e [(1 = x)vz].

and A is chosen to be the unit 2 x 2 matrix. The function G can be then found
explicitly,

Gl) = - Holilel),
where H is the Hankel function of the first kind. For the “hole” we choose the
disk of radius b, that is, w := By(0). Then according to [ZI5]), the function g is

constant, g = —b~!, on the hole perimeter, and we choose a1 being a constant as
well. The asymptotics of G is well known

G(z) = In|z|+a+ O(Jz[*In|z]), |z| — 0,

"1
a:=~v—In2, 'y::nEIEOO<Z E—lnn).

m=1

The constants K and [ defined in (ZI0), (2I7)) are in this case the following:
K= 27r(1nb7 bal), (B =bay —Inb.

We also observe that in terms of the standard definition of the point interaction, the
above operator coincides with —A¢ ;, introduced in [I, Theorem I1.5.3], referring to
the coupling constant 2w( = —b. The hole radius b is positive by definition, so in
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this case we are able determine explicitly the range of the coupling strengths for
which our approximation works.

Let vg € C§°(R?) be a non-vanishing radially symmetric function such that
v9(0) # 0. Then the function ug(z) := vo(x) + (8 — a) 1w (0)G(x) is in the domain
of the operator Hy g and

(Hop — Nug = f := —Avg + (B —a) (1 — Nvo(20)G

for each A = k? with Imk > 0, Im\ # 0. It follows that the function v. :=
(H- — \)~1f — ug solves the boundary-value problem

(=A =M. =0 in R*\By.(0),

dv- 1 1 o
_ . _ =h B
dlz]  elne ( ) ve e on 0By (0),

b Ine
hooo (Quo L (1 a1
=T \0lz] elme\b Ine) "’

and can be found explicitly

|x|=be

elne

he . 0 1 1 .
0e(w) = " Hy(ikfal), ez = (‘a ; (g - a—)) Hoik )

r=be

With the explicit formulae for all the considered functions in hand, we can find the
asymptotics of the quotient h./c.,
he im wo(zo)adb? (8 — a) 2

_ -2
T 20— o Tmhme TOm )

which means that
_ 1
[vell Loy = Cllnel ™!, [[Vve| Lo,y = Cllne| 3,

where C' is a positive constant independent of e. Consequently, the estimates
[220)-([222)) are sharp up to a multiplicative constant. This concludes the proof of
Theorem 2,11

4.4. Spectral convergence

In this section, we prove Theorem We employ the ideas proposed in the proof
of a similar statement in [6], see Theorem 2.5 and Sec. 7 in the cited work.

The proof is based on standard results on the convergence of spectra and asso-
ciated spectral projectors with respect to the resolvent norm, see, for instance [I7,
Theorem VIII.23]. However, we cannot apply directly this theorem since our oper-
ators H. and Ho g act in different Hilbert spaces, L2(£2.) and L2(€g). To overcome
this obstacle, we introduce an auxiliary multiplication operator in La(w.) acting

1

as H,.u := ¢~ u. This simple operator is self-adjoint, its spectrum consists of the
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only eigenvalue A = £~ ! of an infinite multiplicity and the resolvent satisfies the

relation

_ 19
(Moo = N M a0 — L) = T £ e, (4.53)

In view of Lemma.3]and estimate ([B.14]) in LemmaB.3]we have an obvious estimate

1(Ho.5 = M)l 2a@)—La(wn) < Cellnel?, (4.54)

valid for all A with a nonzero imaginary part, where C' is a constant independent
of € but depending on A.

We regard the space Lo(£2) as the direct sum Lo(€2) = La(Q:) & Lo(we) and
consider the direct sum H. := H. @ H,,_. Then estimates Z20) and @53), EH)
imply that

[(He =27 = (Hos = N7l La(@)— Lo
< (He = N7 = (Hos = N7 lza@)—La(00)
F[(Hoe = N7 pawo)—La(we) + (Hop = A) 7 La@) = La(wr)
< C|lng|™? (4.55)

for Im A # 0, where C' is a constant independent of € but depending on Im A. Now,
we apply [I7, Theorem VIII.23] to conclude that the spectrum of the operator H.
converges to that of the operator Hg g. Since the spectrum of H,_ consists of the
L which escapes to the infinity as e — +0, and

o(H.) = o(H.) U {e 1), (4.56)

only point A = ¢~

we obtain the stated convergence of the spectrum of the operator H.. The conver-
gence of the spectral projections corresponding to any interval [0, 02] with g1 and
02 from the resolvent set of Hy g also follows from [I7, Theorem VIII.23].

Let us next prove inclusion ([2Z23]). We choose an arbitrary but fixed segment
Q := [01, 02] and consider A € C such A =t +i|Ilne|~! with t € Q N o (Hog); the
set of such \ is denoted by Q.. For A € Q. we recall the well-known formulae

1
[(Ho.s = N7 | )= Log) = Tt 0o (o))’

o = SO = T
La(@)=L2(2)  (ist(\, 0(H.))  dist(A, o0(He))’

|(H —

where in the latter identity we have also employed (£E6). These relations and
estimate ([{L53) imply that
1
dist(\, o (H.))  dist(\, o(Ho5))
and hence, for A € Q.,
1 - 1
dist(\, 0(Hc)) — dist(\, 0(Hos))

< C|lng|™,

1
— Cllneg| ™ > |Ing| — C|lne|~! > %,
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in other words
dist(\, 0(H:)) < 2|Ine|™t as A € Q..

Hence, the distance from the set o(H.) N Q to the set o(Hop) N Q does not exceed
2|Ing|~! and this proves inclusion ([2.23).

Finally, let A\ be an isolated eigenvalue of the operator Ho g of multiplicity n
and Py s be the projection on the associated eigenspace in Ls(€2). Then the above
proven facts imply immediately that there exist exactly n isolated eigenvalues of the
operator H. converging to \g, naturally with the multiplicities taken into account;
we refer to them as to perturbed eigenvalues. By P. we denote the total projection
associated with them. Inclusion ([2.23)) ensures that the distance from the perturbed
eigenvalues to \g is estimated by C|lne|~! with some constant C' independent of
e. We fix 6 > 0 such that the ball Bs(Ag) in the complex plane contains no other
points of spectra of H. and Hy g except for Ao and the perturbed eigenvalues. Then
we know that

P. = = (o= 'dr = = (M. — N dx,
271 JoBs(xo) 271 JoBs (o)
Po,g = i (Hog — A)~HdA,
2mi &B5 (o)
and consequently,
PPy = (He =\ = (Hog — A1) dA. (4.57)

2mi 9Bs(Xo)

Since the contour 0Bs(\g) is separated from the spectra of both operators Ho g
and H,, estimates (Z20)—(222) remain true also for A € Bs(\g). Indeed, one can
reproduce literally the argumentation in Sec. because the fact that Im A\ is
nonzero was employed only in Lemma [£3] and in (£48)); both this lemma and the
inequalities obviously remain true in our case. Now, the desired estimates for the
spectral projections follow from identity ([@57) and estimates (Z20)—(222]). This
completes the proof of Theorem [Z.21
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